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ABSTRACT

We revisit a theoretical paper of Akopyan and Zel'dovich about the thermomechanical coupling
terms in nematic liquid crystals. We show that the expressions of these terms given by these
authors must be corrected to satisfy the Onsager reciprocity relations, a point already stressed by
Pleiner and Brand in 1987. We then extend this calculation to the cholesteric phase and show that
there are no additional terms in the uniaxial approximation of this phase. Finally, we give the
correspondence between the Akopyan and Zel'dovich terms and those calculated by Pleiner and
Brand in 1996 by making a different choice for the forces and the fluxes in the theory.
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Thermohydrodynamic and thermomechanical couplings in a cholesteric liquid crystal

1. Introduction

In a nematic or a cholesteric phase — which is a chiral
version of the previous one - several original out-of-equi-
librium cross-coupling effects exist, which are forbidden in
ordinary liquids. These effects are associated with the
existence of a new hydrodynamic variable, the director n
which is the unit vector giving the mean orientation of the
molecules at each point. The novelty with respect to an
ordinary liquid is that the director can experience a torque,
whence the name of ‘torque liquid’ sometimes given to this
phase [1]. Let now suppose that a nematic (or a cholesteric)
is subjected to a temperature gradient G." In this case, it
can be shown that the molecules of the phase are submitted
to a torque and a stress proportional to the temperature
gradient, of general form I' Stm) =¢;; G; for the torque and

— €kl ](fm) /2+( iik Gk for the stress. Note that we have
separated in the expression of the stress tensor the anti-

symmetric part associated to the torque — eI’ ftm) /2 [2]
from the symmetric part oﬁj“ =( iik Gk (with ( ik = ( iik)- In
the following, we will call thermomechanical terms the first

coupling terms in &; and thermohydrodynamic terms the
second terms in {j;. The former ones enter into both the
torque and momentum equations whereas the second ones
only enter into the momentum equation. Note that in the
previous papers, the distinction between these two types of
terms was not done, all of them being indifferently called
thermomechanical terms.

The first cross-coupling of this type was described
by Leslie in 1968 in a cholesteric phase. Leslie calcu-
lated the coupling tensors {; and (;; based on the
symmetries of a cholesteric in the
approximation,2 and found that ¢; (resp. ijk) could

uniaxial

be expressed as a function of a unique pseudoscalar v
(resp. p). The thermomechanical effect associated with
v was experimentally observed first indirectly by Eber
and Janossy [3,4] (see also [5,6]) and then directly by
Oswald and Dequidt [7]. This effect was also numeri-
cally studied by Sarman and Laaksonen [8,9] with
molecular dynamic simulations. To our knowledge,
the thermohydrodynamic effect associated with g was
never observed experimentally.
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Note that in a perfect (undeformed) nematic phase,
the mirror symmetry imposes that y = v = 0 meaning
that the pure Leslie thermomechanical and thermohy-
drodynamic effects cannot exist in this phase.
However, the situation becomes different if the director
field is distorted. This was shown by Akopyan and
Zel'dovich in 1984 [10] who stressed that one can
observe thermomechanical and thermohydrodynamic
effects in a deformed nematic, where the gradient of
the director Vn is non-zero. In this case, the coupling
tensors §;; and {;; must be proportional to Vn (to the
smallest order). This is essential because no cross-cou-
pling with G is authorised in a undeformed nematic for
obvious symmetry reasons.

By taking into account this linear dependence in Vn,
Akopyan and Zel'dovich calculated the structure of the
coupling tensors compatible with the symmetries of a
nematic, and found that ;; can be expressed in terms of
four independent scalars &, 4, while {; depends on eight
independent scalars &5_ 1. Several studies then focused on
the consequences of these coupling terms. In particular,
thermally induced flows in hybrid-oriented nematic cells
were studied experimentally by Akopyan et al. [11-14]
and numerically by Zakharov et al. [15]. Oswald et al. [16]
showed experimentally that the coupling coefficients &;_4
play an essential role in the thermomechanical rotation of
translationally invariant configurations of the cholesteric
phase (where these terms should also exist). Zakharov
et al. investigated the influence of the coupling terms of
Akopyan and Zel'dovich on the pumping effect in a
microvolume cylindrical cavity [17] and on vortical
flows in bidirectionally oriented nematic cell [18].
Finally, it was shown experimentally by Janossy et al.
[19] and theoretically by Krimer and Residori [20] that
these coupling terms can induce a significant lowering of
the optical Freedericksz transition threshold in nematics.

On the other hand, Brand and Pleiner [21] challenged
the existence of the thermomechanical and thermohydro-
dynamic terms of Akopyan and Zel’dovich because of a
fundamental flaw in their paper [10]: indeed, a simple
examination of the time-reversal transformation proper-
ties of the involved quantities shows that the coupling
terms of Akopyan and Zel'dovich are reversible; however,
it can be checked that these terms do not yield a vanishing
entropy production. This means that the Onsager reci-
procity relations are violated, which is indeed a serious
problem. This can explain the conclusion of Pleiner and
Brand in 1987 that the terms of Akopyan and Zel’dovich
do not exist [21].

The irony of history is that Pleiner and Brand
derived themselves very similar terms in their formula-
tion of the nematohydrodynamics by using a different

choice for the forces and the fluxes [21,22]. The ques-
tion may thus be legitimately raised as to the equiva-
lence between the theory of Akopyan and Zel'dovich
(once corrected) and that of Pleiner and Brand. In
addition, it would be very interesting to extend these
calculations to a cholesteric phase, knowing that several
experiments were done with cholesterics.

The goal of this paper is to propose a unified frame-
work that allows one to easily derive the phenomenolo-
gical equations whatever the choice of forces and fluxes.
This formalism will then be used to correct the terms
given by Akopyan and Zel'dovich and show the equiva-
lence between the two approaches proposed in the litera-
ture and generalise the calculations to a cholesteric phase.

The plan of the article is the following. In Section 2,
we will present the generic framework used to derive the
phenomenological constitutive equations of the phase.
In Section 3, we will use this formalism to derive a
simplified version of the phenomenological equations
in the case of a cholesteric phase. In this section, only the
Leslie terms will be considered. This exercise will prove
to be instructive to show - as expected - that the final
result does not depend on the choice of the forces and
fluxes. In Section 4, we will generalise the results of
Section 3 by including all the possible thermomechani-
cal and thermohydrodynamic effects in a distorted cho-
lesteric phase. The correspondence between the
Akopyan and Zel'dovich terms and those of Pleiner
and Brand will be given in this section. Finally, our
conclusions will be drawn in Section 5.

2. Generic framework

In this section, we establish the generic framework
used to derive the out-of-equilibrium equations of the
nematohydrodynamics. Our framework is largely
inspired by the formalism of de Groot and Mazur
[23] or Pleiner and Brand [22], with a notable improve-
ment: in our approach, both reversible and irreversible
fluxes can be obtained by deriving two bilinear forms
of the forces, which are built in order that the fluxes
automatically verify the Onsager reciprocity relations
(symmetric and antisymmetric).

We start from the irreversible production of
entropy, as given by Oswald and Pieranski in the
incompressible approximation [2]:

o D
TUET(D—(:—O—V -j<">) =¥ :D-T . .G (1)

where o is the density of entropy, D/Dt=0/0t +v -V

the advective derivative, j(") the entropy flux, o the
symmetric part of the out-of-equilibrium contribution



6" to the total stress tensor, D the symmetric part of
the velocity gradient tensor Vv, T"9 the out-of-equi-
librium contribution to the total torque exerted on the
director n, w=n x N the rotation vector of the director
with N = Dn/Dt —1(V x v) x n the corotational time
derivative of the director, and G the temperature gra-
dient. In this equation, A: B = A;B;; represents the
total contraction of the two second-order tensors A
and B. Note that this expression is the same as the
one given by de Gennes and Prost [24] or Pleiner and
Brand [22] in the limit V-v =0 (incompressibility
condition). We also recall that the antisymmetric part
of s(*9 can be obtained from I'™® with the identity

o) = 1l

bol [2].

The dynamical equations associated with these vari-
ables are the torque equation, which is a consequence
of the angular momentum theorem [2]

/2 where ¢ is the Levi-Civita sym-

1) 4 plred — ¢

the momentum conservation (or Cauchy’s) equation,
coming from Newton’s second law [2]

Dv
V_y. < (eq) | g(neq) _p1>’
P Dt oo te
and the heat transport equation [1,2]
DT
Py E+V 9 =6 D — TV .y

in which the term of thermal expansion has been
neglected. In these equations, I'®V = n x h is the equili-
brium contribution to the total torque with h = —&f /én
the molecular field associated with the total free energy f
including elastic, electric and magnetic contributions,
a,?].e@ = —ny; (Of /Onyj) the elastic stress tensor, p the
density, P the pressure (which can be computed from the
incompressibility condition V - v = 0), ¢, the specific heat
capacity at fixed pressure and j@=Tj*) the heat flux.
The right-hand-side of Equation (1) can be inter-
preted as a sum of products between fluxes and forces.
Here, we assume, as de Gennes and Prost [24] did, that
the choice of fluxes and forces can be made arbitrarily.
We will show in the next section that the phenomen-
ological equations do not depend on this choice. For
now, let us just remark that, at equilibrium, all forces
and fluxes are equal to zero, whereas, out of equili-
brium, they no longer vanish — and must verify o >0
according to the second law of thermodynamics. When
the forces are not too large - i.e. when the system is not
too far from equilibrium - a linear relation can be
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written between the fluxes and the forces, which must
verify certain symmetry properties.

More precisely, we rewrite the irreversible produc-
tion of entropy as de Groot and Mazur by explicitly
separating the contributions {symmetric force, anti-
symmetric flux} (exponent «) and {antisymmetric
force, symmetric flux} (exponent f8) under the trans-
formation t — —t:

To=j f*+i f.

In this equation, f* (f/j ) is a vector containing all the
coordinates of the N, (Ng) symmetric forces (antisym-

metric forces) under the transformation t — —t; j* ()
is a vector containing all the coordinates of the N, (Ng)
antisymmetric fluxes (symmetric fluxes) under the
transformation t — —f, conjugate to the forces
included in f* (f). The values of N, and Ng depend
on the choice of forces and fluxes, but of course the
total number of forces N, + Ng must be the same as in
Equation (1), i.e. 3.

The phenomenological equations can then be writ-
ten as a linear relation between fluxes and forces:

ja — Laafoc + Laﬁfﬁ 2
#o=1Pfe Lﬂﬁfﬁ

In these equations, L” (p,q = & or ) are matrices
containing all the phenomenological coefficients.
They are constrained by the symmetric and antisym-
metric Onsager reciprocity relations coming from the
reversibility of the microscopic equations [23]:

L*a = [L*a],
Vg = [U/B), (3)
L = —[Lfa].

Furthermore, the Curie principle imposes that the form
of the phenomenological Equations (2) must be invar-
iant under the action of the symmetry group of the
phase (Do for a nematic, D, for a cholesteric in the
uniaxial approximation).

Note that the Onsager relations imply that only the
coupling of type aa or fBf3, called dissipative couplings
in opposition to the so-called reversible couplings of
type a8 < Ba, can produce an irreversible production
of entropy:

To=1%: (f*of +1F: (fforff), (4)

where [a ® b];; = a; b; is the dyadic product of the two
vectors a and b. This form is expected, because the
irreversible production of entropy must be invariant
under the transformation t — —t. We also recall that
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the second law of thermodynamics To>0 imposes
that the matrices L* and L’ must be positive
semidefinite.

In order to ease the derivation of the form of the
phenomenological equations verifying the Onsager
relations and the Curie principle, we use a computa-
tional trick inspired from the original paper of
Akopyan and Zel'dovich [10]. This trick consists of
rewriting the general system of phenomenological
Equations (2) under the following form:

J* =g (Ra+R),
0

F =2 (Ra—R,), )

Q

where we defined the ‘potentials’ R; and R, as

Re =z (L[ of ]+ 17 [ff o f]),
R, =L%:(faff)=-1F:[fforf].

A direct comparison with Equation (4) shows that

Ri=Tao /2, which can therefore be interpreted as a
dissipation function associated with the couplings of
types ar and B (the so-called Rayleigh dissipation func-
tion in the literature). The new function R, has no parti-
cular physical meaning but is a convenient quantity to
easily derive the reversible couplings of types a8 and fa.

The constitutive relations can then be obtained by
writing R; as the sum of the most generic bilinear

forms in {f*,f"} and {fﬁ SfF } respectively, and R, as
the most generic bilinear form in {f*, f* }. Then, using

Equation (5) gives the fluxes j* and j*. Note that in
their original method, Akopyan and Zel'dovich
includes in the function R, the reversible couplings of
type aff <> Ba and do not define the function R,; this
makes no sense — as rightfully pointed by Brand and
Pleiner [21] - because these couplings are not dissipa-
tive and do not produce entropy. Our generalisation
with the function R, allows one to correct this error
because the system of Equations (5) automatically veri-
fies the Onsager relations. Note that this is also the case
with the method of the Poisson brackets used by other
authors such as Stark and Lubensly [25].

However, R, and R; must still respect the symme-
tries of the phase. To impose these symmetries, we use
the following procedure:

(1) First, we write down all the terms invariant
under proper rotations around n.

(2) Then, we eliminate all terms which are not
invariant under the transformation n — —n. If
the phase is cholesteric, we stop here.

(3) If the phase is nematic, we eliminate all the
terms which are not invariant under the reflex-
ion in the mirror orthogonal to n.

The first step is the only non-trivial one, and necessi-
tate some results of group theory. In Appendix A, we
explain our method to derive the generic expression of
multilinear forms invariant under proper rotations
around n. We will use the results of this appendix in
the next sections to derive the phenomenological equa-
tions in a cholesteric phase.

To finish this section, note that our procedure can
be easily generalised to include coupling terms of
higher order, such as the coupling terms of Akopyan
and Zel'dovich. For example, if we want to include
quadratic corrective terms in the fluxes, one only
needs to include in the function R, or Ry, all the
possible trilinear contributions.

3. Leslie’s thermomechanical effect:
equivalence of the conventions

In this section, we write down a simplified set of phenom-
enological equations by neglecting the hydrodynamic
terms (v = 0) and all the higher-order terms of Akopyan
and Zel'dovich type. The complete set of phenomenolo-
gical equations will be introduced in Section 4.

We show the equivalence between the two different
choices of fluxes and forces made by de Gennes and
Prost on the one hand [24] and by Pleiner and Brand
on the other hand [26]. More important, we solve the
apparent contradiction between the two conventions
by showing why the Leslie effect appears dissipative
in one convention and reversible in the other one.
Finally, we present a thought experiment that explains
the difference between the phenomenological coeffi-
cients in convention.

3.1 Convention of de Gennes and Prost

As de Gennes and Prost did in their book [24], we
choose as forces and fluxes’:

=6, j°

= _j(ﬁ)7
ffo=w, j = —re),

First, we derive the expression of R; as the sum of two
bilinear functions of {f*,f*} and {fﬁ SfF } respectively.
According to Appendix A.2.1, the terms invariant
under proper rotations around n of such a function are

(6*-6), (clgl), (w-w), (6)



where we have used the following decomposition:

w  — wi=w,
G — Gl=G-n, G'=G-Gln,

Note that we omitted wl = w - n which is equal to 0
because w is orthogonal to n. In Equation (6), all the
terms are invariant under the transformation n — —n
and the reflection in the mirror orthogonal to n, and
therefore are acceptable both in a nematic and a cho-
lesteric. We deduce that the most generic expression of
R, compatible with the symmetries of a cholesteric or a
nematic can be written as

Vi KL eLp? ﬂ(n)z
Rd—2|w| +2T{G | +o7 G (7)

Second, we derive the expression of R, as a bilinear
function of {f"‘,fﬁ}. According to Appendix A.2.1, the
only terms invariant under proper rotations around n
in this bilinear function are
(GL . w), (GL X w) -n,

In this equation, only G* - w is invariant under the
transformation n — —n, but this contribution is not
invariant under the reflection in a mirror orthogonal to
n; therefore, it is allowed only in a cholesteric and not
in a nematic. We deduce that the most generic expres-
sion of R, compatible with the symmetries of a choles-
teric can be written as

R, =v(G"-w), (8)

with v = 0 in a nematic.
From Equations (5), (7) and (8), we deduce the
phenomenological equations:

_yneq) YW+ VGl o)

—j :—vw—&-K—#G”n—F’%GL,
As expected, we recover the usual equations for the non-
equilibrium torque and the heat flux, with y, the rotational
viscosity, x| (k1) the thermal conductivity parallel (per-
pendicular) to the director, and v the Leslie thermomecha-
nical coefficient. Note that v is necessarily a pseudoscalar
since ™9 is a pseudovector and G is a true vector: as a
consequence v must change sign in two cholesterics enan-
tiomer of each other. Furthermore, the Leslie thermome-
chanical effect appears to be non-dissipative with this
choice of forces and fluxes since it is generated by the
reversible potential R,. This point was already stressed by
Oswald and Pieranski in their book [2].
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3.2 Convention of Pleiner and Brand

Similarly to Pleiner and Brand [22,26], we can also
choose as forces and fluxes:

. [-Tte o [ ow
Pl sl

With this convention, there are only variables of
type a. For this reason, we only need to derive the
expression of Ry as a bilinear function of {f*, f*}. As
shown in Appendix A.2.1, the terms invariant under
proper rotations around #n of such a function are

(G"-GY), (Gn GH)7 (r(neco . F(ne@)’

(10)

(GJ— . I‘(Ile<l)>7 (GJ‘ % I‘(neQ)> -n,
where we have used the same type of decomposition as
in the previous subsection:

rte) b= plea)

G — Gl=G-n, G'=G-Gln,

As T(ned) jg orthogonal to n, we have omitted I I'in this
decomposition. In Equation (10), only the following
terms are invariant under the transformation n — —n:

(G- G"), (GH Gu), <r<neq> .r<neq>)7
(GL . r(neq>)7

In addition, all these terms are invariant under the
reflection in the mirror orthogonal to n, except for G* -
"9 which is a pseudoscalar. We deduce that the most
generic expression for Ry compatible with the symme-
tries of a cholesteric can be written as

L AP NN\ Gy )
Ry=— |~ |T"9 + == |G| +—<G> +—/(G -r<“eq> .
2Yh T T Vi

(1m

In a nematic, this expression remains unchanged
with v = 0.
From Equations (5) and (11), we deduce the phe-
nomenological equations:
w :_Y_}lr(neq)_%GJ_’

=10 4+ 5 Gln 45 Gt

(12)

The phenomenological coefficients y}, «| | and v have
the same physical meaning than in the de Gennes
convention. In particular, the coefficient v is still a
pseudoscalar. But contrary to the previous convention,
the Leslie thermomechanical effect associated with v/
appears to be dissipative for this choice of forces and
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fluxes. We solve this apparent contradiction in the next
subsection by showing the equivalence between the two
conventions and by proposing a thought experiment
which gives the physical meaning to each coefficient in
each convention.

3.3 Equivalence of the conventions

It is easy to check that the systems of phenomenologi-
cal Equations (9) and (12) are perfectly equivalent on
condition to impose the following relations between
the phenomenological coefficients:

/

i =7
v o =,
]
K =%,
) Tv'?
Kl =K — Vi

In particular, we notice that the thermomechanical cou-
pling coefficient v/ introduces a correction to the thermal
conductivity orthogonal to the director «/,. As the con-
ductivity is a dissipative phenomenon, this correction
explains why the thermomechanical coupling of Leslie
is dissipative in the convention of Pleiner and Brand and
reversible in the convention of de Gennes and Prost.
To better understand the difference between the two
conventions, let us give the physical interpretation of
the two thermal conductivities x; and «/, with the help
of a thought experiment. This experiment, represented
schematically in Figure 1, aims to measure the thermal
conductivity in a compensated cholesteric sample, in
which the spontaneous twist is equal to zero. This
sample is sandwiched between two plates separated by
a distance d. The upper plate is thermally regulated at a
temperature Ty. The lower plate is covered with a thin
conductive layer of resistance R in which an electric
current I circulates. The power dissipated by Joule
effect P = RI? then produces a heat flux jW=Tj) =
P/S between the two plates, where S is the surface of
the plates. As a consequence, the lower plate heats up

Figure 1. Thought experiment to measure the thermal con-
ductivities x; et «/,.

and reaches a temperature T that can be measured with
a thermocouple. From the knowledge of P and T, the
effective thermal conductivity . of the liquid crystal
can be obtained from the formula:

Kot = 2—— (13)

Two situations can then be considered.

In the first situation, we assume that the director is
planar and free to rotate on the surface of the plates. In
this case, the system of dynamical equations given in
Section 2 can be easily solved with the phenomenolo-
gical Equations (12) in the steady-state approximation
(9 and w constant in the sample):

rea —o,
V/j(q)
- Y K'i ?
i@ d
T - TO +]K/L .

In this case, the texture is uniform and rotates at the
angular velocity w. We deduce from Equation (13) that
the effective conductivity is in this situation xef = &/, .

In the second situation, we assume that the director
is perfectly aligned with a strong magnetic field parallel
to the plates. In this case, the texture cannot rotates. By
solving the system of dynamical equations given in
Section 2 with the phenomenological Equations (9),
we then find the following steady-state solution:

r(eq) — Vj(q)

KL
w =0 i@ g4
T =T +]T’

We deduce from Equation (13) that the effective con-
ductivity in this situation is ke = x, . Here, I’ () jden-
tifies with the magnetic torque since it is the magnetic
field that allows to equilibrate the Leslie thermomecha-
nical torque.

We can therefore interpret x, as the thermal con-
ductivity orthogonal to the director when the latter is
blocked, and «/, as the thermal conductivity orthogo-
nal to the director when the latter is free to rotate. In
practice, the difference between x, and x| is comple-
tely negligible because of the very small value of the
Leslie thermomechanical coefficient in usual choles-
terics [7,16,27].

In conclusion, this example shows that the choice of
forces and fluxes is indifferent. Indeed, the Leslie effect
is the same in the two conventions, even if it appears to
be reversible or dissipative depending on the choice of
forces and fluxes. This apparent contradiction is
explained by the presence of a corrective term in the



dissipation when switching from one convention to the
other. In the next section, we generalise these results by
including the hydrodynamics and the trilinear contri-
butions in the potentials R; and R,.

4. Thermohydrodynamic effect of Akopyan
and Zel'dovich: generalisation in a cholesteric

In this section, we write down the complete phenomeno-
logical equations by including all viscous, thermomechani-
cal and thermohydrodynamic couplings. We show that our
approach allows to easily derive these effects — although the
involved expressions are somewhat lengthy — and that the
erroneous expression of the thermomechanical and ther-
mohydrodynamic terms given in a nematic by Akopyan
and Zel'dovich [10] can easily be corrected. Moreover, we
show that there is no additional thermomechanical and
thermohydrodynamic couplings in a cholesteric apart from
the Leslie effect, in spite of the symmetry breaking
Dyon — Doo. Finally, we point out that the corrected
terms of Akopyan and Zel'dovich are perfectly equivalent
to the thermomechanical and thermohydrodynamic terms
derived by Brand and Pleiner [21,22] with their own choice
of forces and fluxes.

4.1 Derivation of the phenomenological equations

If we want to include hydrodynamic contributions, we
must include in our choice of forces and fluxes o'*) and
D, as shown in Equation (1). We thus make the follow-
ing choice of forces and fluxes* which is similar to the
one of Akopyan and Zel’dovich:

f=6 o= (neq)
B w 5 _7(neq
AR

First, we derive the expression of R; as the sum of two
bilinear functions of {f*,f*} and {fﬁ SfF } respectively.
Note that we do not consider for simplicity trilinear
terms of types {f*, ", Vn} and {fﬂ7fﬁ, Vn} that would
add corrective terms in Vn in the thermal conductiv-
ities and the usual viscosities. By using the results of
appendices A.2.1 and A.2.2, it can be shown that the
most generic expression of R; compatible with the
symmetries of a nematic or a cholesteric is

Ri=RY +RY, (14)
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where we did the following decomposition® for the
symmetric velocity gradient tensor D:

D— d =D:(nen), d-=Dn—dn,
D' =D+1(1-3n@n)d —ned —d-on

All the terms in Ry are invariant under reflection in the
mirror orthogonal to n; therefore, there are allowed
both in a nematic and a cholesteric.

Second, we derive the expression of R, as the sum of

a bilinear function of {f, Vid } (Leslie effect) and a

trilinear function of {f*,ff,Vn} (Akopyan and
Zeldovich effects). Using the results of appendices
A.2.1, A2.4 and 1.2.5, it can be shown that the most
generic expression of R, compatible with the symme-
tries of a cholesteric is:

R, = RI™ 4 R (15)

Rﬁ”’“ = v(w-Gl) +&in- (GL X w)ml —Q—ﬁz(GL -w)mz
+& ([w X 1) ®GL) M+ & (mt x w)Gl

Rﬁth) =un- (dJ‘ X GL) +§5(dL . Gi)ml +&en - (dL X GL)mz
+&(d" ® GY) : M + & (dh - mb) Gl + & (G- mt)dl
+§10 (d”G”ml) + fll(GL ® dL) : DL + 612 (DL : MJ')GH7

where we did the following decomposition® for Vn:

Vin— m=V-n, m=n-Vxn, m‘=in-V)n,
M*t=1([Vn] + [Vn] = m I* —2n@m* —2m* @n).

In the expressions of Rﬁ“"’ and Rgth), the only terms
which are not invariant under a reflection in the mirror
orthogonal to n is w-G* and n - (dL x G*), which
implies that v and u are pseudoscalars, with v =y =0
in a nematic. All the other terms - invariant under
reflection — are therefore allowed both in a nematic and
a cholesteric.

Using Equations (5), (14) and (15), we finally
deduce the complete phenomenological equations in a
cholesteric:

ol ii G
_]1(0) — KJTJ — §]1 W] - C]le]]ﬁ
T = G+ By wi + Bk Djtc (16)
O-SJ'S) = Gijk Gk + By Wk + Vijki Dt

where the complete expressions of the coupling tensors
Kij> Sijs (ijkb ﬁijk and vy are given in Appendix B. Note
that the Onsager relations can be directly checked in
the last three equations. In particular, we see that §;
and (. are associated, as expected, with reversible
effects since these terms are eliminated in the entropy

production o (this can be shown by injecting the
expressions given above into Equation (1)).
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We can now give the physical interpretation of each
tensor.
The coupling tensor «;; is the usual tensor of thermal

conductivity. The second law of thermodynamics o>
0 imposes that x, | > 0.

The coupling tensors B, B, (containing f,,) and
Vi (containing ﬁ0,2,3) correspond to the usual viscous
dissipation. Akopyan and Zel'dovich give the same
expressions as us for these effects. It can be easily
checked that the coefficients f; are connected with
the Leslie viscosities a;_¢ by the following relations:

By = +%tastas
By =w—m =y

B, =wta =y,

[32 = 2064 + s + [0 43

By =

Furthermore, it should be noted that in our approach, we
only have five independent coefficients instead of the six
a;. This is expected because here the Onsager relations are
automatically verified, whereas in the Leslie approach
these relations impose the so-called Parodi identity a; +
oz = ag — a5 [29] (5 coefficients < 6 coefficients + 1
linear relation). This point was already underlined by
several authors [10,22,24,29]. Finally, the second princi-
ple impose that f, , , ; > 0 and [/512]2 < By + B,

As for &, it is the coupling tensor associated with the
thermomechanical effects of Leslie (coefficient v) and
Akopyan and Zel'dovich (coefficients £;_4). Akopyan and
Zel'dovich gives the same expressions as us for these effects
in a nematic but with the wrong sign for the heat flux g™
in Equation A.6 of Reference [10]. Here, we get the good
sign because our approach automatically verifies the anti-
symmetric Onsager reciprocity relations associated with
reversible effects.

(ijc is the coupling tensor associated with the
thermohydrodynamic effects of Leslie (coefficient y)
and Akopyan and Zel'dovich (coefficients &s_;5).
Again, Akopyan and Zel'dovich give the same
expression as us for these effects in a nematic,
apart from the wrong sign in the heat flux which is
corrected here.

We underline once again that in a cholesteric, the only
couplings which are not invariant under a reflection in
the mirror orthogonal to n are those associated with the
Leslie thermomechanical and thermohydrodynamic
coefficients v and p. This means that all the other effects
are allowed both in a nematic and a cholesteric. In parti-
cular, the corrected expression of the coupling terms of
Akopyan and Zel’dovich - originally derived in a nematic
- is the same in a cholesteric.

4.2 Equivalence with the formalism of Pleiner and
Brand

We conclude this section by giving the equivalence
between our phenomenological equations and those
derived by Pleiner and Brand [21,22,26] with their
own choice of forces and flux. With the following
choice of forces and fluxes:

o _ [-rte . w
rell )
ff =p Fo=o

these authors give the following phenomenological
equations, obtained with a method different from ours:

.( ,1' G;
—]ic) =2 I (-rjnew> + Wi Dk,
<_r(1leq)
Wi = *H,‘j Gj + T - )\ijijk;
Ol(js) = — Wi Gr + Mg (—Fgf‘eq)> + Vi Dy

(17)

The complete expressions of the coupling tensors ng,
L, Wik, A and V;jkl are given in Appendix B. The
previous equation is equivalent to our phenomenolo-
gical equations given in Equation (16) on condition to
impose the following relations:

/ /
ki =y =y, Tk,

& =Y, 1

G = —Wir + ¥ Tl A, (18)
B, =Y,

Vi = Vit + Yy Aij Ak

Note that these equalities are verified if and only if the left
and right hand sides have exactly the same tensorial form.
This is true for the last four equalities - as shown in
Appendix B.3 in which the full correspondence between
the phenomenological coefficients is given — but wrong in
the first equality, since IIj; II;; depends on Vi whereas the
thermal conductivity tensors x; and j; were computed

without accounting for corrective terms in Vn. Technically
speaking, the only way to get an exact correspondence
between the two conventions would be to include these
corrective terms. However, we emphasise that such terms
are extremely small and negligible as long as the director
field is distorted over a length scale much larger than the
intermolecular distance (a basic assumption in hydrody-
namics). The fact that y| TTIj Il < x;; can also be
checked directly by taking the typical values of thermo-
mechanical coefficients given in the literature [16]. For this
reason, one can write that ¥, = x,; and Kﬂ ~ K| to within

an excellent approximation, which finishes to show the
equivalence between the two conventions.



5. Conclusion

We hope to have clarified the situation on the existence
of the thermomechanical and thermohydrodynamic
terms of Akopyan and Zel’dovich in a nematic liquid
crystal. To achieve this goal, we introduced a new
function equivalent to the classical dissipation function
to calculate the reversible couplings. We then used this
general formalism to derive the constitutive equations
of a nematic or a cholesteric liquid crystal. Doing this,
we realised that the choice of forces and fluxes can
influence the apparent dissipative/reversible character
of a cross-coupling in spite of the strict equivalence of
the calculated phenomenological equations. This was
explicitly shown on the example of the Leslie coupling
only present in cholesterics. We then used this general
formalism to correct the sign errors in the original
paper of Akopyan and Zel'dovich (the same error is
also made by Sonnet and Virga in their book published
in 2012 [30] when they derive the Leslie effect in
cholesterics). Note that, fortunately, these sign errors
only appear in the corrections to the heat flux, extre-
mely small and always negligible — and thus neglected
- in practice. More important, we showed that the
Akopyan and Zel'dovich terms were strictly equivalent
to those derived by Brand and Pleiner by making
another choice for the forces and the fluxes. The
equivalence relations between the terms of Akopyan
and Zel'dovich and the ones of Brand and Pleiner are
also given in the paper. Last but not least, we general-
ised the calculations to the cholesteric phase and
showed that there are no additional terms in this
phase (out of the Leslie terms, only present in
cholesterics).

Notes

1. A gradient of an electric or chemical potential would
produce the same effects, as was stressed by de Gennes
in his book on liquid crystals [24].

2. In this case, the cholesteric phase is still described by a
single director n which rotates along the helical axis.

3. Note that in Reference [24], the role of the fluxes and
forces is reversed because de Gennes prefers to write
the forces as a function of the fluxes, in opposition to
our choice of writing the fluxes as a function of the
forces. Nevertheless, our choice of forces and fluxes
is completely equivalent to the convention of de
Gennes because the swapping transformation j* <
f? and # — f* preserves the Onsager relations and
the time-reversal behaviour of each quantity.

4. Note that in this equation, the second-order tensors D and
') are by convention flattened in one-dimensional vectors.

5. Several terms of the decomposition presented in the
appendix were eliminated here because D is symmetric
and traceless (V- v = 0).

LIQUID CRYSTALS (&) 9

6. Several terms of the decomposition presented in the
appendix were eliminated here because n-n = 1.

Acknowledgements

We thank Efim Kats for fruitful discussions and Alain
Dequidt for pertinent and useful remarks about the group
theory calculations.

Disclosure statement

No potential conflict of interest was reported by the authors.

References

[1] Oswald P. Rheophysics: the deformation and flow of
matter. Cambridge: Cambridge University Press; 2009.

[2] Oswald P, Pieranski P. Nematic and cholesteric liquid
crystals: concepts and physical properties illustrated by
experiments. Boca Raton, FL: CRC Press; 2006.

[3] Eber N, Janossy I. An experiment on the thermomecha-
nical coupling in cholesterics. Mol Cryst Liq Cryst. 1982
Jan;72(7-8):233-238.

[4] Eber N, Janossy I. Thermomechanical coupling in com-
pensated cholesterics. Mol Cryst Liq Cryst. 1984 Oct;102
(10):311-316.

[5] Dequidt A, Oswald P. Lehmann effect in compensated
cholesteric liquid crystals. Europhys Lett. 2007 Oct;80
(2):26001.

[6] Dequidt A, Zywociiski A, Oswald P. Lehmann effect in
a compensated cholesteric liquid crystal: experimental
evidence with fixed and gliding boundary conditions.
Eur Phys J E. 2008 Mar;25(3):277-289.

[7] Oswald P, Dequidt A. Direct measurement of the thermo-
mechanical Lehmann coefficient in a compensated choles-
teric liquid crystal. Europhys Lett. 2008 Jul;83(1):16005.

[8] Sarman S, Laaksonen A. Thermomechanical coupling,
heat conduction and director rotation in cholesteric liquid
crystals studied by molecular dynamics simulation. Phys
Chem Chem Phys. 2013 Mar;15(10):3442-3453.

[9] Sarman S, Wang YL, Laaksonen A. Thermomechanical
coupling in coarse grained cholesteric liquid crystal
model systems with pitches of realistic length. Phys
Chem Chem Phys. 2016 Jul;18(25):16822-16829.

[10] Akopyan RS, Zeldovich BY. Thermomechanical effects
in deformed nematics. ] Exp Theor Phys. 1984
Nov;87:1660-1669.

[11] Akopyan RS, Alaverdyan RB, Santrosyan EA, et al.
Thermomechanical effect in a hybrid-oriented nematic
liquid crystal. Tech Phys Lett. 1997 Sep;23(9):690-691.

[12] Akopyan RS, Alaverdyan RB, Nersisyan ST, et al
Thermomechanical effect in a planar nematic induced
by a quasistatic electric field. Tech Phys. 1999 Apr;44
(4):462-463.

[13] Akopyan RS, Alaverdyan RB, Santrosyan EA, et al
Thermomechanical effect in a cylindrically-hybrid nematic
liquid crystal. Tech Phys Lett. 1999 Mar;25(3):237-238.

[14] Akopyan RS, Alaverdian RB, Santrosian EA, et al
Thermomechanical effects in the nematic liquid crystals.
J Appl Phys. 2001 Oct;90(7):3371.



10 (& G.POY AND P. OSWALD

(15]

(16]

(17]

(18]

(19]

(20]

(21]

Zakharov AV, Vakulenko AA. Influence of the flow on the
orientational dynamics induced by temperature gradient
in nematic hybrid-oriented cells. ] Chem Phys. 2007
Aug;127(8):084907.

Oswald P, Poy G, Dequidt A. Lehmann rotation of twisted
bipolar cholesteric droplets: role of Leslie, Akopyan and
Zel'dovich thermomechanical coupling terms of nemato-
dynamics. Liq Cryst. 2017;44(6):969-988.

Zakharov AV, Vakulenko AA, Romano S. Effect of electric
field and temperature gradient on the orientational
dynamics of liquid crystals in a microvolume cylindrical
cavity. ] Chem Phys. 2009 Oct;131(16):164902.

Zakharov AV, Vakulenko AA. Thermally excited vorti-
cal flow in a thin bidirectionally oriented nematic cell.
Phys Fluids. 2012 Jul;24(7):073102.

Janossy I, Lloyd AD, Wherrett BS. Anomalous optical
Freedericksz transition in an absorbing liquid crystal.
Mol Cryst Liq Cryst Incorporating Nonlinear Opt. 1990
Feb;179(1):1-12.

Krimer DO, Residori S. Thermomechanical effects in
uniformly aligned dye-doped nematic liquid crystals.
Eur Phys J E. 2007 May;23(1):77-82.

Brand HR, Pleiner H. Nonlinear effects in the electro-
hydrodynamics of uniaxial nematic liquid crystals. Phys
Rev A. 1987 May;35(7):3122.

(22]

(23]
(24]

(25]

(26]

(27]

(28]

(29]

(30]

Pleiner H, Brand HR. Hydrodynamics and electrohy-
drodynamics of liquid crystals. In: Buka A, Kramer L,
editors. Pattern formation in liquid crystals. Springer
New York; 1996. p. 15-67.

de Groot SR, Mazur P. Non-equilibrium thermody-
namics. New York: Dover Publication; 1984.

de Gennes PG, Prost J. The physics of liquid crystals.
Oxford: Oxford University Press; 1993.

Stark H, Lubensky TC. Poisson-bracket approach to the
dynamics of nematic liquid crystals. Phys Rev E. 2003
Jun;67(6).

Brand HR, Pleiner H. New theoretical results for the
Lehmann effect in cholesteric liquid crystals. Phys Rev
A. 1988 May;37(7):2736.

Oswald P. Leslie thermomechanical power in diluted
cholesteric liquid crystals. Europhys Lett. 2014 Oct;108
(3):36001.

Ignés-Mullol J, Poy G, Oswald P. Continuous rotation
of achiral nematic liquid crystal droplets driven by Heat
Flux. Phys Rev Lett. 2016 Jul;117(5).

Parodi O. Stress tensor for a nematic liquid crystal. J de
Physique. 1970 Jul;31(7):581-584.

Sonnet AM, Virga EG. Dissipative ordered fluids.
Boston (MA): Springer US; 2012.



Appendices

Appendix A. Generic expression of a bi(tri)lin-
ear form invariant under proper rotations
around n

In this appendix, we show how to compute the most generic
bi(tri)linear form invariant under proper rotations around
the director n. First, we recall some important results of
group theory. Then, we use these results to compute five
types of invariant functions: a bilinear form of two vectors, a
bilinear form of one vector and one second-order tensor, a
bilinear form of two second-order tensors, a trilinear form of
two vectors and a second-order tensor, and finally a trilinear
form of one vector and two second-order tensors.

A.1 A few reminders on group theory

A.1.1 Action of a proper rotation on a vector

First, we recall that the action of a proper rotation of 6
around n on a vector u is represented by the matrix R(6):

u =R(O)u, (A1)
where o' is the transformed vector. In an orthonormal basis B

whose third axis coincides with n, the coordinates of R(6) are
given by

cosf —sinf 0
R(6) = | sinf cosf 0
0 0 1

We also recall that finding the irreducible representations for
the group of proper rotations is equivalent to decompose
R(6) in a direct sum of non-diagonalisable square matrices,
i.e. 3P invertible such as V0,

= A%(0) ® AF(O)D
A%(0)
= A¥(6)

PR(6)P!

As R(0) is diagonalisable in C, this decomposition corre-
sponds here to three 1 x 1 complex matrices:

PR(O)P' =A7'(0) @ A'(6) @ A(0),

with the matrices A*(0) and P given by
A*(0) = (e*?)

1 —-i 0
P =1 i O
0 0 1

The main advantage of introducing the irreducible repre-
sentations A%(0) is that the transformation property (A1) can
be rewritten under a very simple form in the diagonalisation
basis of R(6). Indeed, if we project a vector u in this basis:

-1
1
0

uy — iuz
uy + iuZ ) (Az)
us

u

Pu =

=
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Equation (A1) can then be rewritten as
(%] = A%(6) ",

where a = —1,0,1 and A*(0)=A¢,(6). We also emphasise
that the coordinates of u in the diagonalisation basis verify
the following complex conjugation property:

u = (A3)
for « = —1,0,1.
A.1.2 Action of a proper rotation on a second-order tensor
Second, we recall that the action of a proper rotation of 6
around n on a second-order tensor M is represented by the
following operation:

M’ = R(6)MR(6),

or equivalently by the following matrix-vector product:

M/11 Mll
My, My,
M3 M;i;
My [ =TO| My |- (A4)
M3 Ms;

where T(0) is defined as the Kronecker product of R(6) with
itself:

[T(6)] = [R(6) @ R(0)]

Ry (O)R(6) Ri(OR(H) Ri3(OR(6)
~ | Ru(O)R(0) Ryn(0)R(6) Rss(6)R(0)
" | Ru(OR(O) Ru(OR(O) Rss(6)R(6)

T(6) has the following decomposition into irreducible
representations:

QTO)Q '=A20) 2 A*(O) @A () A (6) ©A(0)
@ AN0) @ A°(0) ® A°(9) @ A°(0),

with the matrices Q and A%(6) given by

1 i 0 —i -1 0 0 O0 O
1 i 0 i -1 0 0 0 O
0 0 0 O 0 0 1 —i 0
0 0 1 O 0 —-i 0 0 O
Q =10 0 0 O 0 0O 1 i O
0 0 1 O 0 i 0 0 O
1 0 0 O 1 0 0 0 1
0 1 0 -1 0 0 0 0 O
0 0 0 O 0 0 0 0 1
A"‘(Q) :(eiae)

Note that we find the same irreducible representations as
before — but with different multiplicities — plus two irredu-
cible representations A2(6).

Similarly to the case of vectors, the transformation prop-
erty (A4) has a very simple form in the diagonalisation basis
of T(6). Indeed, if we project a tensor M in this basis:
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M;? My, (M) — Mp) — i(My2 + My)
{VI% M, (M1 — My) + i(Myy + M)
M;! M;is Mz, — iMs;

M;! My, Mz — iMp;

M} [=Q | My | = Mz + iMs;

M} My Mz + iMp;

M) M3, My + My + Mss

Mg Mz, My — My,

M) Ms; M3;

(A5)

Equation (A4) can then be rewritten as
[M}] = A%(6)M?,

where a=—-2...2, r=1...(3—|a])[0,1] and as before
A%(0)=A%,(6). Here, r represents the multiplicity index
inside a given irreducible representation. We also underline
that this decomposition verifies the following complex con-
jugation property:
M;* = [ME]". (A6)

A.1.3 Orthogonality relations

Last, we recall that the irreducible representations A%(6)
verify powerful orthogonality relations coming from the
Peter-Weyl theorem:

1 27 .
J % (6) AP (6)7d6 = 8,458 6. (A7)

2m )

These relations can be greatly simplified in our case because
the dimension of the matrices A%(6) is 1 x 1. Note that the
A%(0) verifies two other interesting properties:

A%(6)" = AT(0),

A%(6) AP(6) = A*TF(6),

which can be used to generalise Equation (A7):

127‘[

= { A% (0) ... A (0)d0 = So(a, +ay)- (A8)

A.2 Generic expressions of multilinear invariant forms

We now use the previous theoretical results to compute
the generic expressions of five types of multilinear form
invariant under proper rotations around n.

A.2.1 Bilinear form of two vectors

The most generic bilinear form of two vectors u and v can
be written as

3
g= Z L uj vy,

jk=1

or equivalently in the diagonalisation basis of R(0):

1
g= Y APuib

af=—1

From g € R and Equation (A3), it can be shown that the
coefficients A% must verify the following relation:

[A%]" = AoF. (A9)
Furthermore, if we impose that g is invariant under all

proper rotations around n, then the following relation must
be verified for all 0:

g= Y AP[a%(0)a][aP(0)i].

a,f=—1

By averaging over all 0, we get

g= Y 5|, At )0

0

Using the orthogonality relations in Equation (A8), we com-
pute from the last equation:

1
g= Y APu P

af=—1

=AM AT A%
According to Equation (A9), we can define

Alfl _ [Afll}*z(kl + 1}\2)/2,

A=,

where the coefficients A; and 7 are real. Using these definitions
and Equation (A3), we can rewrite the expression of g as

g=MRe{a "9} + MIm{a '} +nud,
or equivalently using Equation (A2):
g= )\1(uL . VL) + )\z(uL X vJ‘) -n+ n(u”v”),
where we have defined the scalars:
ul=us; = u-n,
=y, =v.n,

and the vectors:

=u—uln,

S

Il
<
[ S)

=v—1ln,

We conclude by asserting that the most generic bilinear form
of two vectors u and v invariant under proper rotations



around n can be written as a linear combination of the
following terms:

(uj' . vL), (ul X vL) - n, (qu”). (A10)

In the next subsections, we will give similar results for
different types of bilinear and trilinear forms. We will omit
the associated proofs, as they are very similar to the one
given here.

A.2.2 Bilinear form of one vector and one second-order
tensor

The most generic bilinear form of one vector u and one
second-order tensor M invariant under proper rotations
around n can be written as a linear combination of the
following terms:

(u"-m'), (" xm') n, (u” m,), (A11)

where we have defined the scalars m, (r = 1,2,3) as

my=Mi; + Mp + Ms; =TrM,
my=Mi; — My, = €jkhiMik,
m3=Ms3; =M: (n®n),
and the vectors m'" (r =1,2) as
M3,
mtl= My | =MTn-— Mln.
0
M;i;
mti= My; | =Mn— Ml n.
0

u' and ull were already defined in the previous subsection.
A.2.3 Bilinear form of two second-order tensors
The most generic bilinear form g of two second-order
tensors M and D invariant under proper rotations around n
can be written as a linear combination of the following terms:

(M*: D4),
(mlr . dis)j

(M*: [XD*]),

(er x dLs) -n, (A12)

(m, ds)

where we have defined the tensor M* as

1 (M —Mp Mp+ My 0
MLEE My + My My — My 0
0 0 0

1
:E(M—}—M—[ml—m3}Il—2m3[n®n]

_ [ml_l + mJ_Z] Qn—n® [mj_l + mJ_Z]).

and the ‘n-cross’ operator X as

X,j = EijkMk-

D', d*" and d, are defined similarly to M*, m!" and m,.
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A.2.4 Trilinear form of two vectors and one second-order
tensor

The most generic trilinear form of two vectors {u, v} and
a second-order tensor M invariant under proper rotations
around n can be written as a linear combination of the
following terms:

(wt-vHm,, ([ut x v -n)m,, (u”v“)mr,
(- m Wl ([t x m) - n)l,

(vt -m )l (vt x m) - n)ull]

(wt@vh) MY, ([ut xn]®@vt): ML,

(A13)

with the same conventions as in the previous subsections.

A.2.5 Trilinear form of one vector and two second-order
tensors

The most generic trilinear form of one vector u and two
second-order tensors {M,D} invariant under proper rota-
tions around n can be written as a linear combination of the
following terms:
ut -m*)d, ([ut x m™] n)d,
ut-d)m,, ([ut xd™] n)m,,
utr. dJ_S>uH’ ([mJJ % dLS} . n) uH7
m" @ut): DY, ([mt x n]@ut): DL
e uL) s ML, ([d“ X n} ® uL) s ML,
M*: DYl (M- [XD))ul,

(u“ m, ds),

(A14)

with the same conventions as in the previous subsections.

Appendix B. Expression of the coupling
tensors

In this appendix, we give the full expressions of the coupling
tensors used in the phenomenological equations and the
equivalence between the coupling tensors in each conven-
tion. In the following, the tensor 6; denotes the transverse
Kronecker delta:

€

B.1 Convention of Akopyan and Zel’dovich
The tensor of thermal conductivity «; is given by

L
Kij :KLSU + K| ninj.

The coupling tensor &; associated with the thermomecha-
nical effects of Leslie, Akopyan and Zel’dovich is given by

& = [v+ &lerpgming,) |85 + (& — %) nunkeu
+ (&;&) (eikp Mk Mg ”M)”J‘ + %3 €ikp Mk (”PJ + ”le) .

The coupling tensor (j; associated with the thermohydro-
dynamic effects of Leslie, Akopyan and Zel’dovich is given by
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G =[5 =5 (emprungnpq) | (miin + mycane)
+(52_5 _ %7) (1 S5 + 1y Sy
+5 [mi(mej + mi) + mi (e + nige)|

|
N NN

58 + 511 + 5“) (n, nj + njn;, 1) o
- 510 — )y iy ng

2z -2 — 5“)n n;n Ny

(Skl’l][Jrékl’l,[)ﬂ]

(niJ + nj_,,-)nk.

+ + |
’:‘prm M’J‘
L3S}

of

2

2

The coupling tensor f; associated with the viscosity §;,
is given by

By = % (€ e + € )

The coupling tensor vy associated with the viscosities
By, is given by

Vil = ([30 B, +
(72 &) 1; O + n; 8zk] n+ [" O + ”J‘Sll] ”k)
% (8 81 + 8:85k)-

)n,n]nknl

B.2 Convention of Pleiner and Brand
The tensor of thermal conductivity K;« is given by

/o sl A
Kij—KLéij—i—KHn,n].

The coupling tensor II; associated with all thermomechani-
cal effects is given by

H-:—él
! Y

(T 1 8y + T A T3 A+ [Ty — ] i) € g

The coupling tensor ¥y associated with all thermohydrody-
namic effects is given by

Wi = —%/ (mi € + njea)
+v, <n,—6fk +n; 6%)111‘1
+(ws — v,)maninjng
+, (n,ﬁg +n; 6ﬁ) N
+ (W — vy) s mnin;
s (mimg + i) 8y
+v; <”j,15ﬁ + ﬂi,z5ﬁ) Mk

+, (nj,lﬁi + 1y 5;) 1y
+¥10 (ni nj | + nj ”i,l)nk n

Note that Brand and Pleiner [21] use the notation «; for the
coefficients y, in the previous equation: we changed the
notation to avoid a conflict with the Leslie viscosities.
Furthermore, in their derivation of thermohydrodynamic
effects these authors did not assume incompressibility and
found 11 coefficients instead of 9 independent coefficients as
in the coupling tensor (5. However, in the incompressibility
regime, there remains only nine independent coefficients as

highlighted in the previous equation, because two terms
proportional to y,d; and y,d; can be absorbed in the
definition of the pressure [1,22,24].

The coupling tensor A associated with the dimensionless
coefficient A is given by

A
Nijk = 5 (e me + € n))

The coupling tensor vj;, associated with the viscosities
vi_3 is given by

Vi = 2(vi + vy = 2v3)minjmgmy
+(V3 - Vz)([fli Sjk + nj(‘iik] n; + [niﬁjl —+ nj 61-1} nk)
+v2 (8 81 + 818k

Again, out of the five independent coefficients introduced by
Pleiner and Brand in the compressible regime [22], there
remains only three independent coefficients in the incompres-
sible regime - as in the coupling tensor v;j; of our formalism.
B.3 Equivalence between the conventions
The equivalence between the viscosities of each conven-
tion is given by

Y,1 =B
by = YIIE/YI N = _Po
B =M=, By P B,
B, =2vi+v vio=3-3
B, =V N +4v V2 = %
=2v n)
& ’ v =k (ﬁé)

The equivalence between the thermomechanical coefficients
of each convention is given by

v =V v :\{

6 —vim+zey| " TR
& Z%(ﬂz—m) o :BL(& )
& =Y\ (u+m) no=g(-&+3)
& =2Y'17T4 no= g

Note that this expression was already given in a previous
article [28], where the presence of flow was neglected.

The equivalence between the thermohydrodynamic coef-
ficients of each convention is given by

po= u/ — VA

£ (2W1+W3+W5)+Y1}‘(”1+%+%)
6 =Vs— Vs . (M3 —m3)

& = *2(1//3 + I/’53 +Y A3 + )

& =4y,

S =2(vy— Vst )

S0 =Y+, — Y — 2y,

En = —4y,

2 =2y,

or equivalently by
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Wo=p— BV We recall that in the incompressible regime,
b (y,) cannot be considered independently of
—g & @ g V2 Wy \ 1dep v
V=73 . 2 SBI 472 Vg (¥6), as can be seen in the expression of ¥ given
v, — ¥y =&o—5+% above.
v,y = _(%c + %7) _ Py (52_2 + %3) As explained in the main text, the equivalence between
6 ! the thermal conductivity tensors x; and ;c;j can be made
Va—Ve =3 +£T 6 bne ¢ exact only by including corrective terms in Vn in
Vs =37 + 37 G-%) these tensors. This is not really a problem since these
v, = _% corrective terms are extremely small, so that we can
v, = & always assume x| = Ki‘ and x, = «/, to within an excellent
9= T4 L
—_& approximation.
YVie= %
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