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ABSTRACT

The Lehmann effect is the continuous rotation of cholesteric droplets subjected to a temperature
gradient. Discovered by Otto Lehmann in 1900, this effect was re-observed recently by several
authors not only in cholesterics but also in nematics when the director field is twisted inside the
droplets. In most experiments, the droplets coexist with their isotropic liquid, but the Lehmann effect
can also be observed when the droplets are dispersed in an isotropic liquid in which the LC is partly
miscible. After a brief history on the Lehmann effect and its first explanation by Leslie in 1968, we will
review the main experimental results obtained on this subject from 2008. In particular, the role of the
temperature gradient, of the size of the droplets, of the textures and their orientation with respect to
the temperature gradient, of the confinement effects, of the impurities and of the concentration of
chiral molecules will be described. A special emphasis will also be placed on the research of hydro-
dynamic effects to answer the fundamental question of whether it is just the texture or the droplet
itself that rotates. We will then review the different models proposed in the literature to explain the
Lehmann effect. Among them are two thermomechanical models directly based on the Leslie expla-
nation (named TM1 and TM2 models), a thermomechanical model of rotating texture ‘surfing’ on a
heat wave (TM3 model), a model of melting-growth (MG model) that only applies when the droplets
coexist with their own isotropic liquid, and a pure hydrodynamic model (H model) based on the exis-
tence of Marangoni flows — currently, only evidenced in emulsified cholesterics. The strengths and
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weaknesses of each model will be discussed in relation with the experimental results.

1. Introduction

Thermomechanical effects are important in materials
science. They occur each time a temperature variation
produces a force or a stress inside a material. A classi-
cal example is the Rayleigh Benard instability in a fluid
layer heated from below [1]. In that case, a temperature
gradient generates a buoyancy force — the Archimedes
force - that destabilizes the layer and produces convec-
tion rolls. A thermal gradient can also cause the dif-
ferent parts of a solid to expand by different amounts.
This effect generates stresses that may cause the gen-
eration and the propagation of cracks inside the solid
[2-4]. Another well-known thermomechanical effect is
the fountain effect in superfluid helium II. In that case, a
temperature gradient inside a tube containing the super-
fluid generates a pressure gradient responsible for the
expulsion of the superfluid out of the tube [5]. Unsteady
temperature gradients can also generate flows in expand-
able liquids even in the absence of gravity [6]. This phe-
nomenon is particularly important in small-scale systems
and found applications in microfluidics [7,8]. A similar

phenomenon was observed in nematic liquid crystals
(LC) and was found to produce director reorientation [9].

Other thermomechanical effects exist in LCs. Among
them is the Lehmann effect discovered in 1900 by Otto
Lehmann, a pioneer in the study of LCs [10]. In the
Lehmann experiment, cholesteric droplets are set into
rotation when they are subjected to a temperature gra-
dient. Although this phenomenon was known for a
long time, it has not yet been explained completely. In
particular, the origin of the torque responsible for the
rotation of the droplets is still under debate, the issue
being whether this torque is due to an external flow,
or directly due to the heat flux, each molecule acting
as a molecular rotor transforming energy from the sur-
rounding environment into rotational motion [11,12].
Not to mention the fact that this effect is perhaps due
to an optical illusion, as we will show later within a
model of melting-growth. This situation obviously con-
trasts with that of the previous examples for which
the physical origin of the thermomechanical effect is
clear.
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The goal of this paper is to review the main experi-
mental observations of the Lehmann effect and to discuss
the different models proposed so far to explain it. The
plan of this review in as follows. Section 2 will be devoted
to a brief history on the Lehmann effect and its first expla-
nation given by Leslie in 1968. The main experimental
results about the Lehmann effect will be then recalled in
Section 3. These experimental results have been obtained
more recently, from the 2000s by different groups work-
ing mainly in France and in Japan. Finally, we will discuss
the different models proposed so far to explain this effect,
by focusing on their respective strengths and weaknesses.
Finally, our conclusions will be drawn in Section 4.

2. The Lehmann effect and the Leslie
explanation: a brief history

The first mention of the Lehmann effect dates from 1900
[10]. In a famous article, Lehmann explains that in sam-
ples heated from below, droplets of the liquid crystal
p-azoxy phenetole — a nonchiral molecule - rotate con-
stantly anticlockwise when they are dispersed in a min-
eral oil or in melted sugar. According to Lehmann, this
effect could be related to a surface tension effect. How-
ever, Lehmann observes that the droplet texture winds
up when the temperature gradient increases, as if the
droplets were sheared from inside rather than from their
surfaces (Figure 1).

Lehmann then multiplied observations with his
famous polarizing microscope, which was equipped with
a hot stage, and made new crucial findings that were pub-
lished in his book of 1921 [13]. In this book, Lehmann
emphasizes for the first time that the rotation does not
occur with every LC. Indeed, a small amount of a chiral
impurity which winds the texture in the absence of a tem-
perature gradient must be added to the LC to observe a
rotation. In addition, the sense of rotation depends on the
chiral molecule. For instance, the droplets rotate clock-
wise when rosin is added whereas the droplets rotate
anticlockwise when cholesteryl benzoate is added. This
point is fundamental because it shows for the first time
the role of the chirality. Lehmann also notes that the

Figure 1. Drawings by Lehmann of droplet textures that wind
and rotate under the action of an increasing temperature gradient
(from left to right) (adapted from Ref. [10]).
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larger the concentration of chiral impurity, the larger
the rotation velocity. Finally, Lehmann observes that the
droplets stop rotating (or oscillate, a phenomenon never
re-observed to our knowledge) when he adds simultane-
ously the two impurities in such proportions that their
effects on the twist of the texture compensate at zero tem-
perature gradient. On these issues, Lehmann concluded
that the rotation only occurs in cholesteric phases, never
in nematic phases. We would also add that Lehmann was
convinced that it was not the droplet - but its texture —
that was rotating because he never observed any flow.

However, the work of Lehmann lacks quantitative
information. For instance, the concentrations of chiral
molecules, the sample thicknesses, the temperature gra-
dients used experimentally are unknown. In addition, the
only movie realized by Lehmann showing the droplet
rotation remains missing as we have checked by contact-
ing the production company (UFA-Produktion that still
exists) and the Karlsruhe University where Lehmann was
working and which has conserved number of archives
on him.

From a theoretical point of view, Oseen was the first to
propose that, in the Lehmann experiment, the molecules
rotated with the same speed around vertical axes drawn
through their center of mass [14]. But it was not until
1968 and the work of Leslie on nematodynamics that
this issue was raised again and the first explanation was
given [15]. In this seminal paper, Leslie proposes new lin-
ear constitutive equations between the fluxes and forces.
In his theory, the fluxes are the temperature gradient,
the velocity gradient and the relative angular velocity
of the director. The associated forces are the heat flux
and the forces and torques acting on the director. From
these equations, Leslie showed that, in a cholesteric phase
and for symmetry reasons, the director experiences a
torque that is proportional to the temperature gradient.
The proportionality coeflicient is the Leslie thermome-
chanical coefficient. In his paper, Leslie proposes that the
Lehmann effect is due to this torque. This explanation has
become a paradigm which must be revisited in the light
of the new experiments presented in the next section.

3. Recent experimental results

It is only from 2008 that controlled experiments on the
Lehmann effect have been conducted, first in France and
then in Japan. In these experiments, two methods were
used to prepare cholesteric and nematic droplets. The
first one consisted in heating the LC until its clearing
temperature is reached [16]. Because the phase transi-
tion is first order, droplets form in the coexistence region
between the two phases. The second method consisted
in dispersing the LC in a chemically different isotropic
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liquid in which it is not fully miscible (certainly the
method used by Lehmann). In that case, the LC must
however be partly miscible to the isotropic liquid to
observe a Lehmann effect [17,18]. In the following, we
discuss separately the case of the cholesteric droplets
coexisting with their own isotropic liquid, the case of
the cholesteric emulsions and the case of the nematic
droplets coexisting with their own isotropic liquid.

3.1. Cholesteric droplets coexisting with their own
isotropic liquid

In this section, we are dealing with the cholesteric
droplets observed in the coexistence region between the
cholesteric phase and its isotropic liquid. Both diluted
cholesteric LCs (nematic phase doped with a small
amount of a chiral dopant, less than 5% by weight in gen-
eral) and compensated cholesteric LCs (nematic phase
usually doped with a large concentration - 50 wt% typi-
cally - of cholesteryl chloride (CC) [19]) are considered.
In both cases, the cholesteric pitch is of the order of a
few micrometers to a few tens of micrometers. In prac-
tice, the cholesteric LCis introduced between two parallel
glass plates and the temperature gradient is imposed per-
pendicularly to the surface of the glass plates. Depend-
ing on the authors, the plates can be chemically treated
or not. A classical treatment consists in depositing by
spin coating a thin polymercaptan layer. This treatment,
which we systematically used in our group in Lyon,
was shown to give a sliding planar anchoring in the
cholesteric phase [20]. In addition, we observed that the
cholesteric phase tends to dewet on the polymercaptan
layer in the coexistence region, which favors the forma-
tion of the droplets. Bare glass plates can also be used
but the results are less reproducible from our point of
view because of a tendency of the droplets to stick on
the glass. Most experiments in the group of Y. Tabe in
Tokyo were performed in this way [21-23]. Other surface
treatments were also used occasionally. We will mention
a treatment with DMOAP [24] which favors homeotropic
anchoring [25] and a treatment with an azobenzene poly-
mer (PEO-PAzo) which reduces the friction between
the droplets and the surface after UV illumination [26].
These treatments can be used to change the orienta-
tion of the droplets with respect to the temperature
gradient [24].

3.1.1. Main textures

Four main types of droplets have been studied: the
banded and concentric-circle (CC) droplets, the double-
twist (DT) droplets and the twisted bipolar (TB) droplets.
Their typical radius ranges from a few micrometers to
a few tens of micrometers. The banded, CC and DT
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Figure 2. Typical texture of the cholesteric droplets observed
experimentally in the coexistence region with the isotropic lig-
uid. (a) Banded droplet (natural light); (b) Concentric-circle (CC)
droplet (crossed polarizers); (c) Double-twist (DT) droplet with its
revolution axis parallel to the glass plates (crossed polarizers); (d)
Double twist (DT) droplet with its revolution axis perpendicular
to the glass plates (crossed polarizers); (e) Twisted-bipolar (TB)
droplet with its revolution axis parallel to the glass plates (natu-
ral light); (f) Twisted-bipolar (TB) droplet with its revolution axis
perpendicular to the glass plates (natural light). Photos (c) and
(d) have been taken from Ref. [22] and reprinted by permission of
the Physical Society of Japan. The typical radius of these droplets
ranges from a few um to a few tens of um depending on the
cholesteric pitch.

droplets are observed when the preferred orientation of
the director at the cholesteric-isotropic interface is tilted
by about 45-70° with respect to the normal to the inter-
face, while the bipolar droplets are observed when the
orientation is planar. Classical LCs such as MBBA or
the cyanobiphenyls of the homologous series of the nCB
and nOCB give a tilted anchoring [27] while LC such
as CCN37 gives a planar anchoring [28,29]. Figure 2(a)
shows a typical banded droplet. In this micrograph, the
helix is perpendicular to both the bands and the direc-
tion of observation. Optical analysis showed that the
helix is little deformed in the bulk of the droplet [30].
By contrast, the helix is distorted close to the surface
because of the tilted anchoring. This leads to the for-
mation of a virtual disclination line on the surface [29].
Figure 2(b) shows a CC droplet. This droplet is just a
banded droplet observed along its helical axis. This can
be directly checked by submitting a CC droplet to a ver-
tical electric field parallel to the helical axis. If the LC is of
positive dielectric anisotropy, this orientation of the helix
is less energetically favorable than the horizontal orienta-
tion corresponding to a banded droplet. For this reason
the CC droplets should tilt and transform into banded
droplets after the application of an electric field. This is
shown in the movie SO. Note that in this example, the
applied electric field is 10 times smaller than the critical
field that should be applied to unwind the helix. For this
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Figure 3. (a) Director field inside a banded (or CC) droplet; (b) Director field inside a DT droplet; (c) Director field inside a TB droplet. The
first line shows top views of the director field for different types of droplets. The cylinders are red (green) at places where the anchoring
is broken (satisfied). The second and third lines show the director field in the horizontal and vertical planes, respectively. The cylinders
are painted in green (red) when the director is parallel (perpendicular) to the plane of the figure.

reason, the cholesteric pitch does not significantly change
during this operation.

For completeness, we mention that similar droplets
with an intermediate orientation of the helical axis were
also observed when the glass plates are treated with
DMOAP [24]. Figure 2(c) (Figure 2d) shows a DT droplet
when its revolution axis is parallel (perpendicular) to
the direction of observation. In such a droplet, a vir-
tual disclination line forms along the equator, i.e. the
great circle perpendicular to the revolution axis of the
director field, because of the tilted anchoring on the
surface [29]. In practice, the banded droplets transform
into DT droplets when their radius is comparable to
or smaller than the cholesteric pitch [23,29]. Finally,
Figure 2(d) (Figure 2e) shows a TB droplet [28] when
the axis joining the two surface point defects is per-
pendicular (parallel) to the direction of observation. In
this droplet, the director field is radially twisted perpen-
dicularly to this axis. A schematic representation of the
director field inside the three types of droplets is shown in
Figure 3.

3.1.2. Role of the temperature gradient

In most experiments, the temperature gradient is
imposed by placing the sample between two ovens regu-
lated at different temperatures. An experimental setup of
this type is described in Ref. [16]. Another possibility is to
dope the LC with a dye and to illuminate the sample with
a laser beam with a wavelength in the absorption band
of the dye. In that case, significant local temperature gra-
dient can appear and produce thermomechanical effects
[26,31,32].

When a temperature gradient Gis imposed to the sam-
ple, all the droplets which are not rotationally invariant
around an axis parallel to G start rotating in the same
direction, provided that they are not attached to a sur-
face or blocked by a dust particle (one such droplet is
visible in video S1). This applies to the banded and CC
droplets (Figure 2(a,b), respectively) and to the DT and
TB droplets when their revolution axis is perpendicular
to the temperature gradient (Figure 2c¢,e, respectively).
This is the Lehmann effect. Apart from the CC droplets,
the rotation is directly observable in natural light under
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Figure 4. Angular rotation velocity as a function of the tempera-
ture gradient for banded droplets of diameter 10 wm (four bands
typically). Mixture of 80CB +50 wt% CC. Sample thickness: 25 um.
Cholesteric pitch: 6 um. Data from Ref. [16]. Reprinted with per-
mission from Phys. Rev. Lett., 100, 217802 (2008). Copyright 2008,
American Physical Society.

the microscope, because the texture rotates. This is not
the case with the CC droplets which must be observed
between crossed polarizers to detect the rotation of the
helix. In that case, the transmitted intensity oscillates with
a period equal to a quarter of the period of rotation of the
helix. This rotation of the helix was also observed by flu-
orescence confocal polarizing microscopy (FCPM) [24].
The sense of rotation reverses if the temperature gradi-
ent is reversed. Video S1 shows the rotation of banded
droplets in a diluted mixture 7CB + 0.6% R811. In
this experiment, the cholesteric pitch is positive (right-
handed cholesteric), close to 14 um. When the sample, of
thickness 56 um, is heated from below and observed from
the top, all the droplets rotate anticlockwise. This means
that the rotation vector of the droplets and the temper-
ature gradient are of opposite signs, a general property
in all right-handed cholesteric LCs. Of course, the rota-
tion vector of the droplets and the temperature gradient
are of the same sign in all left-handed cholesteric LCs.
The angular rotation velocity w is also proportional to the
imposed temperature gradient (Figure 4). This property
is general and was observed with all the types of droplets
[16,22,28,33,34].

3.1.3. Shape of CC and banded droplets

The shape of the droplets can be determined by two
methods. The first one is an optical method consisting
in measuring the intensity transmitted between crossed
polarizers across a CC droplet. The theoretical value of
the transmitted intensity can be calculated and compared
to the experiment. This experiment was performed with
the mixture CCN37 + 0.57 wt% R811 under moderate
temperature gradients. The glass plates were treated with

a polymercaptan layer. A comparison between the experi-
mental transmission curves and the theoretical curves led
to the conclusion that the droplets were spherical as long
as their diameter was smaller than the sample thickness
[29,34]. The second method consists in using a fluo-
rescence confocal polarizing microscope to reconstruct
the director field inside the droplets [24]. In this exper-
iment, the cholesteric mixture composed of 73.7 wt%
MLC-2039 + 24.5wt% 8CB + 1.8 wt% R811 was used
and the glass plates were covered with a polymercaptan
layer. The main conclusion of this study was that banded
and CC droplets were spherical within the uncertainties
and were attached to the colder glass plate with a large
contact angle (Figure 5). This shows that the cholesteric
LC slightly wets the colder glass plate, even when it is
coated with a polymercaptan layer.

3.1.4. Role of the droplet size

We only consider here droplets which are not confined,
i.e. whose diameter is less than the sample thickness.
In that case, several behaviors are observed depending
on the type and orientation of the droplets. For the DT
(Figure 2¢), CC (Figure 2b) and TB (2e) droplets, the
period of rotation increases linearly with the radius. This
is shown in Figure 6(a)-(c), respectively [22,28,35]. We
will note that the smallest increase is observed with the
CC droplets, for which the velocity is almost constant.
By contrast, the period of rotation of the banded droplets
increases much faster, as it increases almost quadratically
with the radius. This is shown in Figure 6(a) [22,35].

3.1.5. Role of the concentration of chiral molecules
and of the equilibrium twist

For more clarity, we will discuss separately the case of
the diluted cholesteric LCs and the case of the compen-
sated cholesteric LCs that contain a single type of chiral
molecule.

« Diluted cholesteric LCs

They are obtained by doping a nematic LC with a chi-
ral molecule whose concentration C is lower (or even
much lower) than 8-10 wt%. In these mixtures, the Heli-
cal Twist Power, defined to be HTP = 1/PC, is constant,
meaning that the equilibrium twist g = 27 /P where P is
the cholesteric pitch, is proportional to C. The HTP also
changes sign when one changes enantiomer and strongly
depends on the chemical nature of the chiral molecule.
Hence the questions: Does the rotation velocity reverse
when one changes enantiomer, does it depend on the
concentration of chiral molecules and does it depend on
the chemical nature of the chiral molecules or only on
their HTP?



LIQUID CRYSTALS REVIEWS (&) 147

Figure 5. FCPM images of a banded droplet (a) and a CC droplet (b) in a vertical temperature gradient. The bands perpendicular to the
helical axis are clearly visible. The two droplets are almost spherical and slightly truncated on the side in contact with the cold plate. The

white bar is 10 um long (photos taken from Ref. [24]).
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Figure 6. Period of rotation ® = 277 /w as a function of the droplet radius. (a) DT and banded droplets. The vertical dashed line indicates
the transition between these two types of droplets. The solid line is the best fit with a linear law for the DT droplets and with a law of
the type a + bR? + cR* for the banded droplets. The data have been taken from Ref. [35] with kind permission of The European Physical
Journal; (b) CCdroplets. The solid line is the best fit with a linear law. The data have been taken from Ref. [21] and reproduced by permission
of The Royal Society of Chemistry; (c) Twisted bipolar droplets. The solid line is the best fit with a linear law. The data have been taken

from Ref. [28].

The answer to the first question is ‘yes’ as we have
checked by changing enantiomers (in our case by replac-
ing R811 by S811).

The answer to the second question was given by mea-
suring the ratio /G for droplets of the same radius as a
function of concentration. The result is that the rotation
velocity of the DT and CC droplets [22] (Figure 7a) and
of the twisted bipolar droplets [28] (Figure 7b) linearly

increases with concentration, whereas the velocity of the
banded droplets has a more complex behavior, decreas-
ing first quadratically [22,35] (this is shown in Figure 7a)
before increasing again above 5 wt% typically (with the
R811) [35].

The answer to the third question was given by measur-
ing the rotation velocity of droplets in compensated mix-
tures obtained by mixing the LC with two chiral dopants
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Figure 7. Ratio w/G as a function of the concentration of chiral molecules for different types of droplets of similar radius. In (a) the
radius of the droplets was ~ 15 um for the CC and banded droplets and 7.5 um for the DT droplets. The LC was a mixture of 5CB
and LC No. 270032 from LCC, Japan, in the weight ratio 3:2. The chiral molecule was the R 4-[[(1-methylheptyl)oxylcarbonyllphenyl 4-
(hexyloxy)benzoate. Data taken from Ref. [22] reprinted by permission of the Physical Society of Japan. In (b), the radius of the bipolar
droplets was ~ 15 pum. The LC was CCN37 and the chiral molecule was the CC.

of opposite handedness which are not enantiomers of
each other. The main result of these experiments was that
the rotation velocity vanishes when the mixture is com-
pensated (i.e. when the pitch is infinite) and the director
field is not twisted [36]. Note that the symmetry group
of the phase at the compensation point in these mix-
tures is not Doy, as in usual nematics, but Dy, because
the phase remains chiral (no mirror symmetry and no
inversion center) if the two chiral dopants are not enan-
tiomers of each other. This important observation shows
that only the macroscopic twist of the director field is
important, independently on the chemical nature of the
chiral molecules. In particular, it is not sufficient to have
a chiral phase to observe a Lehmann effect.

» Compensated cholesteric LCs

It is still possible to prepare a compensated cholesteric LC
by just mixing a nematic LC with a single chiral dopant.
In practice, very few chiral dopants have this property,
the best known being the cholesteryl chloride (CC) used
in most experiments. In that case, the equilibrium twist
varies rapidly with temperature and changes sign at the
compensation temperature at which it vanishes. Note that
at this temperature the symmetry group of the cholesteric
phase changes from D, to Dy as in the previous com-
pensated mixtures. By changing the concentration of CC,
it is possible to prepare a cholesteric mixture in which
the compensation temperature is either larger (in which
case it is virtual) or smaller than the clearing temperature.
With the eutectic mixture 8CB/8OCB (EM), the critical
concentration C* of CC at which these two temperatures
coincide is close to 42 wt%. If C > C*, the pitch is posi-
tive while it is negative when C < C*. By measuringin the
mixture EM+CC the rotation velocity of banded droplets

q (108 m")
(s/pe1z01) ©

15 20 25 30 35 40 45 50
C (Wt% CC)

Figure 8. Equilibrium twist (empty circles) and angular rotation
velocity (solid circles) at G = —0.0175 K/um of droplets of radius
R such as gR = 5 as a function of the concentration of CC (EM
8CB/80OCB+CC). This graph has been recalculated from the data
given in Ref. [30] and reproduced with kind permission of The
European Physical Journal. Within the experimental errors, g and
w vanish at the same concentration of CC.

as a function of the concentration of CC, it was found that
the droplets stop rotating within the experimental errors
when C = C* [30].! On the other hand, the droplets
rotate anti-clockwise when C > C* (P> 0) and clock-
wise when C < C* (P <0) when the sample is heated
from below (see Figure 8). This means that - as in all
the diluted cholesteric mixtures studied so far - the rota-
tion vector and the temperature gradient are oriented in
the same direction when g <0 (left-handed cholesteric)
and in opposite directions when g> 0 (right-handed
cholesteric). In addition, it was observed that the rotation
velocities measured in the mixture EM+CC were compa-
rable to the rotation velocities found in diluted mixtures
of similar equilibrium twist, despite a much smaller con-
centration of chiral molecules in the latter (up to 1000
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Figure 9. Product ®G as a function of the radius for banded (a) and CC (b) droplets. Each symbol corresponds to a different thickness
given in um in each graph. Mixture MBBA + 1 wt% R811. These data have been obtained with temperature gradients ranging from 0.009
to 0.027 K/um. Data taken from Ref. [38]. Reprinted with permission from Phys. Rev. E, 91, 032502 (2015). Copyright 2015, American

Physical Society.

times less). These results provide a new confirmation that
only the macroscopic twist of the phase is important in
the Lehmann effect.

3.1.6. Thickness effect

Several studies have shown that the droplets are almost
spherical when their apparent diameter is smaller than
the sample thickness. However, the droplets must take the
shape of a pancake when their diameter is larger than the
sample thickness and this should influence their rotation
velocity.

To study these confinement effects, diluted cholesteric
mixtures of MBBA + R811 were used [37,38]. In these
mixtures, banded droplets form spontaneously and they
can be reoriented into CC droplets by applying an AC
electric field parallel to the temperature gradient. Indeed,
MBBA is of negative dielectric anisotropy [39] so that
the helix orients parallel to the field. Systematic stud-
ies have shown that the rotation velocity of the banded
droplets — whether or not confined - is almost inde-
pendent of the sample thickness (Figure 9a) whereas the
rotation velocity of the CC droplets strongly decreases
when the sample thickness decreases, even when they
are not confined (Figure 9b). It must be emphasized
that this effect is independent of the electric field inten-
sity and of its frequency chosen in the dielectric regime,
which means that the field reorients just the molecules
and the helix. A thickness effect was also observed with
the TB droplets. For these droplets, the velocity is inde-
pendent of the thickness when they are not confined,
but strongly decreases when they are confined and the
thickness decreases [28,34].

The texture of the droplets can also change drastically
under confinement. One example is shown in Figure 10
where we can see two droplets strongly confined in which

A~ .
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Figure 10. Two droplets strongly confined in a sample of thick-
ness d = 6.8 wm. The bar is 20 um long. Mixture MBBA + 1 wt%
R811 of pitch P &~ 10.4 um. Reprinted with permission from Phys.
Rev. E, 91, 032502 (2015). Copyright 2015, American Physical
Society.

the bands form a double spiral and a labyrinth. These
droplets are different from classical banded droplets
shown in Figure 2(a) and rotate at different velocities,
the former rotating twice faster than the latter which sur-
prisingly rotates at the same velocity as the usual banded
droplets. This example again shows the importance of
the texture on the rotation velocity. Another spectacu-
lar example was given recently by Bono et al. [40-42]
who observed the aggregation of isolated DT droplets
in samples of thickness d < P (Figure 11(a—c)). Because
these aggregates have radii much larger than the pitch,
they are strongly confined as illustrated in Figure 11(d).
These aggregates also rotate clockwise when the sample
is heated from below, which means that & and G are here
of the same sign. This sense of rotation is the same as
in classical droplets because the cholesteric phase is here
left-handed (S811 was used in this experiment). Finally,
it was observed that the rotation velocity of the aggre-
gates strongly decreases when their aggregation number
N - and thus their radius - increase. This dependence
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Figure 11. Aggregates of DT droplets in a sample of thickness ~15 pm. Mixture RDP-V0639 + 0.71 wt% S811 + 2.1 wt% PEO-PAzo of
pitch P ~ —12.8 wm. The scale bars are 10 pm long (from Ref. [40], reproduced by permission of The Royal Society of Chemistry).

resembles very much the one observed with the banded
droplets.

3.1.7. Hydrodynamic effects

An important question, which is still under debate, is to
determine what is rotating in the droplets. Is it just the
texture, as claimed by Lehmann himself, which would
imply that only the orientation of the molecules changes
or the whole droplets which would mean that they rotate
as rigid bodies.

To answer this question, a photobleaching experi-
ment was conducted first in the group of Tabe [21] and
then in our group in Lyon [43]. In this experiment, the
cholesteric LC is doped with a fluorescent molecule. The
dye is then bleached locally by focusing a laser either
directly inside a droplet [21,43] or in its close vicinity
in the isotropic liquid [43]. Observation by fluorescence
microscopy of the time evolution of the bleached spot
allows one to follow the motion of its center of gravity
and to know if the fluorescent dye is advected - or not
- by a flow during the rotation of the droplet. In this
way, Yoshioka et al. [21] arrived to the conclusion that
banded droplets were rotating as rigid bodies, whereas
only the texture is rotating in CC droplets. These results
are important because they suggest the existence of two
different mechanisms for the rotation of the CC and
banded droplets.

However, we never detected under the microscope a
rotational flow around the banded droplets and yet we
observed thousands of droplets. For this reason, we redid
the photobleaching experiment. Doing this, we found
that for CC [43] and TB droplets [28], only the texture

S,

Figure 12. Time evolution of the bleached spot during the rota-
tion of a banded droplet. During the 20 s separating photo (a)
and photo (c) the droplet rotates by ~40 degree. By contrast, the
center of mass of the spot (reconstructed with a tailored signal
processing algorithm and marked by a white dot) does not move
when the dye diffuses. This shows that only the texture is rotating
(from Ref. [43], reproduced by permission of The Royal Society of
Chemistry).

rotates. This result was obtained by directly observing the
time evolution of bleached spots inside and outside of the
droplets. For the banded droplets, the experiment was
done in a somewhat different manner [43], by observ-
ing the evolution of spots situated between the droplets
and the isotropic liquid. In that case, only the part of the
spots situated in the isotropic liquid was analyzed to not
be disturbed by the optical distortions due to the banded
structure. In this way, we found that there was no flow
in the isotropic liquid and we concluded from this obser-
vation that the droplets could not rotate as rigid bodies.
Videos S2, S3 and S4 taken from our own experiments, as
well as Figure 12 for the case of a banded droplet, show
these results quite clearly. Note that this technique does



not allow one to explore the flows in the sample thickness.
So we cannot exclude for the moment the existence of
convective rolls in the sample thickness in the coexistence
region.

These observations were recently completed by
Nishiyama et al. [44] who observed banded droplets in
a cholesteric sample in which micron-size particles were
dispersed. Doing this, they observed that the particles in
the isotropic liquid do not move, even when they are very
close to the surface of the droplets. By contrast, a parti-
cle attached to the surface of a droplet rotates with the
same velocity as the droplet. The authors conclude from
this observation that the banded droplets rotate as rigid
bodies and that a thin layer of isotropic liquid with a very
low viscosity exists at their surface to explain the absence
of observable flow in the isotropic liquid in their near
vicinity.

This interpretation is rather surprising from our point
of view. For this reason, we propose to interpret differ-
ently this observation as simply due to the existence of
an anchoring force between the particle and the droplet
that drives the particle during the rotation of its internal
texture. Indeed, the director orientation must change at
the surface of the droplet. For this reason, the anchor-
ing energy of the particle on the surface of the droplet
depends on its position on the droplet and is minimal at
some places which are well defined with respect to the
bands.? Asa consequence, the particle experiences a force
when it shifts from these positions, which happens when
the internal texture of the droplet rotates. In that case,
the particle will also rotate if this force can equilibrate the
viscous friction force acting on it.

To check whether this interpretation makes sense,
let us estimate the order of magnitude of these forces.
In experiments, the particle of radius R ~ 1 pm moves
with velocity v ~ 1 wm/s and experiences a viscous fric-
tion force 6xnRv of the order of 0.4pN by taking
n ~ 0.02Pa.s. In practice the anchoring force varies
from 0 to some maximum value of the order of W,R
where W, is the anchoring energy of the director at
the surface of the particle. The particle will thus rotate
with the droplet if W,R > 0.4 pN which imposes W, >
4 x 1077 J/m?. This value corresponds to an anchor-
ing extrapolation length K/ W, (where K ~ 2pN is the
Frank constant just below the cholesteric/isotropic tran-
sition for cyanobiphenyls-based LC mixture [45]) of the
order of 5 um, which is considered as a very weak anchor-
ing in the literature. In practice, the anchoring is certainly
stronger (for rough or treated surfaces, the anchoring
length can be as low as ~ 10 nm [46,47]), meaning that
the pinning must be very efficient. This fortifies our
interpretation. For this reason, we would be a little less
emphatic than Nishiyama et al. [44] and Kitahata [48]

LIQUID CRYSTALS REVIEWS e 151

before claiming that the banded droplets rotate as rigid
bodies. In our opinion, the banded droplets behave as the
CC and TB droplets and do not rotate as rigid bodies.
Only their internal textures rotate as Lehmann already
pointed out in 1921 [13].

3.1.8. Impuirity effects

In practice, it is often useful to increase the freezing
range of the cholesteric mixture to stabilize the droplets.
Indeed, the smaller the freezing range is, the more unsta-
ble the droplets are because of the temperature variations
due to fluctuations in the temperature controllers. This
is the case for instance in the mixture 7CB + 1wt%
R811 where the freezing range is of the order of 0.02°C
with pure 7CB. In that case, the measurements are dif-
ficult because the droplets constantly change size even
by controlling to within 0.01°C the temperature of the
ovens used to impose the gradient. One way to solve
this problem is to use a commercial eutectic mixture
instead of 7CB, in which case the freezing range is much
larger — of the order of 1°C or more. Another possibil-
ity is to dope the pure LC with a known impurity to
increase the freezing range in a controlled way. In that
case, one can ask whether the Lehmann effect changes?
To answer this question, a mixture of 7CB + 1 wt% R811
was doped with different impurities at different concen-
trations. Nonmesogenic impurities such as the biphenyl
(BP), the hexacholoroethane (HCE) and the fluorinated
polyether polymer PF-656 [49] were used as well as a
mesogenic impurity, the LC 152 [50]. Typical phase dia-
grams are shown in Figure 13. As we can see, the partition
coefficient of the nonmesogenic impurities is less than 1
whereas the one of the I52 is larger than 1. With these
mixtures, the rotation velocity of the banded droplets
was systematically measured at different concentrations
[51]. The main result was that the rotation velocity of the
droplets depends on the nature of the impurity and on
its concentration. However, this dependence can be eas-
ily rescaled by plotting the product gG® /y; as a function
of gR as shown in Figure 14. That means that the varia-
tions of the rotation velocity are mainly due to variations
of the equilibrium twist g and of the viscosity y;.

3.2. Emulsified cholesteric droplets

Up to recently, no one was able to observe the Lehmann
rotation in an emulsified cholesteric phase. Indeed, the
droplets do not rotate under a temperature gradient when
they are suspended in usual liquids such as water, glycerol
or mineral and silicon oils. It must be emphasized that the
LCs are generally rather insoluble in these liquids. This
situation changed recently when Yoshioka and Araoka
used as dispersing liquid the PF-656 [49], a fluorinated
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Figure 13. Phase diagrams of the mixture 7CB 4+ 1wt% R811
doped with different impurities (from Ref. [34,51] except for the
phase diagram with the PF656 which has been measured again).
Open (closed) symbols correspond to the liquidus (solidus) line.
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Figure 14. Product gG® /y; for banded droplets as a function
of the dimensionless radius gR. All points fall on the same mas-
ter curve whatever the nature of the impurity used to dope the
cholesteric mixture 7CB 4 1 wt% R811. This graph has been cal-
culated from the data given in Refs. [34,51].

polyether oil in which their LC - the eutectic mixture E8
doped with 0.8 to 2 wt% S811 - was partly miscible [17].
With this system, these authors prepared emulsions of
cholesteric droplets and observed that their texture could
rotate very fast, typically 10 times faster than in con-
ventional experiments realized in the coexistence region
between the LC and its own isotropic liquid. In addi-
tion, the Lehmann effect can be observed in the entire
range of existence of the cholesteric phase. To under-
stand the origin of this spectacular effect, we reproduced
a similar experiment by using the cholesteric mixture
7CB + 1.27wt% R811. With this mixture, we found
very similar results to those of Yoshioka and Araoka. In
particular, we observed that — as in conventional exper-
iments in the coexistence region — the rotation velocity
of the droplets is proportional to the temperature gradi-
ent and is strongly dependent on the texture and radius

|w| (rad/s)

Figure 15. Angular velocity (in absolute value) as a function of
the droplet radius for the main types of droplets observed in
the samples: spiraling droplets (a), quadrupolar droplets (b) and
banded droplets (c). All photos have been taken in natural light.
The bar is 10 um long. Filled and open symbols have been mea-
sured with temperature gradient of opposite signs (from Ref. [18],
reproduced by permission of The Royal Society of Chemistry).

of the droplets. This is shown in Figure 15 for three
different types of droplets: spiraling droplets, quadrupo-
lar droplets and banded droplets. Note that the name of
these droplets was given in reference to their aspect in
natural light — shown in the insets in Figure 15. These
droplets are different from the ones shown in Figure 2
because of the homeotropic anchoring of the director
at the interface with the PF-656. Their structure, dis-
cussed in Refs. [17,52-55], is still controversial and we
will not discuss this delicate point in this review. We
will also note that for all the droplets, & and G are of
opposite signs (of the same sign) when a right-handed
(left-handed) cholesteric LC is used. This is the same
as in the classical Lehmann effect. More interestingly, it
was observed that convective rolls were present across
the sample thickness when a temperature gradient was
applied to the sample. These flows were directly visual-
ized by adding colloidal particles in the PF-656 and by
following their motion under the microscope. Video S5
shows their convective motion in the vicinity of a rotat-
ing spiraling droplet. As we can see, the particles mainly
move across the sample thickness and do not rotate in
the plane of the sample. This shows that the droplets
do not rotate as solid bodies in this experiment. These
convection rolls are generated by a Marangoni stress at
the surface of the droplet, itself due to a large temper-
ature variation of the surface tension between the LC
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Figure 16. Field lines of the Marangoni flow around a cholesteric
droplet dissolving in a surfactant solution. Here, v, is the orthora-
dial component of the velocity. (Reprinted with permission from
Phys. Rev.E, 99,022704 (2019). Copyright 2019, American Physical
Society.)

and the PF-656 [18]. This strong dependence is clearly
due to the fact that the LC is partly miscible in this oil.
The Marangoni flows were also indirectly evidenced by
observing the migration of the droplets parallel to the
glass plates when a temperature gradient was applied par-
allel to the glass plates [18,56]. We also found that these
flows and the Lehmann rotation simultaneously disap-
pear when glycerol is used instead of PF-656. In this case
we checked that the surface tension was almost constant
[18]. These observations clearly show that the Lehmann
rotation of the cholesteric droplets in PF-656 is due to the
Marangoni flows.

Finally, we mention that the rotation of the cholesteric
droplets was also observed by Yamamoto and Sano [57]
during their dissolution in a surfactant solution. In this
experiment, no temperature gradient was applied. How-
ever, a strong Marangoni flow was still detected by follow-
ing by PIV with a confocal microscope the motion of flu-
orescent microspheres dispersed in the surfactant solu-
tion. In this case, the surface tension variation responsible
for the Marangoni stress is due to a gradient in surfac-
tant concentration at the surface of the droplet. With
this technique, these authors were able to reconstruct the
projection of the velocity field in the horizontal plane
at different heights in the sample thickness. Their main
result was that the velocity has a small orthoradial com-
ponent that changes sign on both sides of the equatorial
plane of the droplet (see Figure 16). The authors also
showed numerically that this flow can be described as the
superposition of a Stokeslet, a source dipole and a Rotlet
dipole on the vertical axis of the droplet (see Ref. [58] for
the definition of a Stokeslet/Rotlet). These observations
confirm that the particles rotate in the sample thickness
by remaining in the same vertical plane on average over
time. This excludes the presence of a solid rotation of
the droplets around a vertical axis although their texture
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rotates very fast. These experiments confirm that the
rotation of the emulsified cholesteric droplets is due to
a coupling with Marangoni flows.

3.3. Nematic droplets coexisting with their own
isotropic liquid

By symmetry, a droplet cannot rotate in a temperature
gradient if it is superposable to its image in a mirror
parallel to the temperature gradient. This means that
a nematic droplet can rotate if and only if its direc-
tor field breaks this mirror symmetry. This is the case
with the twisted bipolar droplets that can spontaneously
form in some nematic LCs (most notably lyotropic
chromonic nematic LCs [59], but also in some very spe-
cific thermotropic nematic LCs [60-62]) with a giant
elastic anisotropy when the anchoring is planar at the
surface of the droplets. This was found theoretically by
Williams [61] when the twist constant K is much smaller
than the splay and bend constants K; and K3. In these
droplets, the director field is similar to the one described
in Figure 2(e,f) except that it can be twisted to the right
or to the left with the same probability because the phase
is not chiral. The previous experiments with cholesteric
LC have shown that only the macroscopic twist of the
director field is important. For this reason, one can expect
that twisted nematic droplets also rotate in a tempera-
ture gradient, in one sense or in the other depending
on the sign of the twist. To test this prediction, twisted
bipolar nematic droplets were prepared with a chromonic
LC that is known to have a giant elastic anisotropy [63].
In practice aqueous solution of SSY with a molar con-
centration ranging between 0.88 and 1 mol/kg was used.
We recall that SSY (of molar mass 452 g) is a food dye
known under the name Sunset Yellow (E-110 in Europe).
With this mixture, it was observed that the droplets were
rotating in both directions under a temperature gradi-
ent when the axis joining the two surface point defects
is perpendicular to the temperature gradient [64]. This is
shown in Figure 17 and in video S6. It was also observed
that their period of rotation ® was inversely propor-
tional to the temperature gradient and proportional to
their radius (Figure 18). This experiment is important
because it confirms that the molecules and the phase do
not need to be chiral to observe the Lehmann effect. Only
the macroscopic twist of the director field is important.
This twist can develop spontaneously at equilibrium as in
cholesteric phases or be induced by a confinement effect
as in the case of the droplets described in this paragraph.

3.4. Theinverse Lehmann effect

We end this experimental section by mentioning an
intriguing work of Sato and coworkers about the inverse
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Figure 17. Two twisted bipolar droplets of radius 25 pm rotating
in opposite directions when they are subjected to a tempera-
ture gradient perpendicular to the glass plates (G = 0.84 mK/um):
(@) t = 0; (b) $St= 10S$s. (Reprinted with permission from Phys.
Rev. Lett.,, 117,057801 (2016). Copyright 2016, American Physical
Society.)
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Figure 18. Product ®G as a function of the droplet radius R
(adapted from Ref. [64]). (Reprinted with permission from Phys.
Rev. Lett.,, 117, 057801 (2016). Copyright 2016, American Physical
Society.)

Lehmann effect [65]. In this experiment, the authors
impose a rotating electric field to cholesteric droplets in
the coexistence region. Doing this, the droplets are forced
to rotate at the same angular velocity as the electric field.
In parallel, the authors detect a flux of heat across their
sample, which changes sign when the sense of rotation
of the droplets is reversed. This observation suggests the
existence of an inverse Lehmann effect. On the other
hand, the measured effect is much stronger than the one
expected from the classical irreversible thermodynamics
theory [66].

3.5. Summary of the main experimental results

To summarize, the Lehmann effect of cholesteric and
nematic LCs has been observed both in the zone of coex-
istence with the isotropic liquid close to the clearing

temperature of the LC, and in emulsions at all temper-
atures on condition that the LC is partly miscible in
the dispersing liquid. In all cases, the rotation velocity
of the droplets is proportional to the temperature gra-
dient and it changes sign when the temperature gradi-
ent is reversed. The droplets are usually spherical when
they are not confined, which is the case when their
apparent diameter is smaller than the sample thickness.
The rotation velocity only depends on the macroscopic
twist g of the director field. The twist can be induced
either by introducing a chiral molecule (usual case of the
cholesteric LCs) or by a confinement effect in the very
anisotropic nematic phases (case of the chromonic LC).
In the cholesteric LCs, the rotation velocity changes sign
when one changes the enantiomer. In the nematic phase,
the two senses of rotation are simultaneously observed.
In all cases, the rotation vector and the temperature gra-
dient are of the same sign when g <0 and of opposite
signs when g > 0. The rotation velocity strongly depends
on the texture and on the radius of the droplets. For the
CC, DT and TB droplets observed in the coexistence
region, the rotation velocity decreases as 1/R while for
the banded droplets and the aggregates of DT droplets it
decreases as 1/R2. In emulsions, linear dependences are
rather observed, with a large (moderate) velocity increase
in the case of the spiraling (quadrupolar) droplets and a
large velocity decrease in the case of the banded droplets.
The rotation velocity also depends on the twist g of
the director field (proportional to the concentration C
of chiral molecules in diluted cholesteric LCs). More
precisely, the rotation velocity of the CC, DT and TB
droplets increases linearly with g, whereas the velocity
of the banded droplets decreases as 1/q* (provided C is
not too large). There are also thickness effects depen-
dent on the type of the droplets. For instance, the rotation
velocity of the banded droplets in the coexistence region
depends very little on the thickness, even when they are
strongly confined. By contrast, the rotation velocity of
the CC droplets increases when the thickness increases,
even when they are not confined. More important, the
rotation velocity of the droplets in the coexistence region
does not depend on the nature and the concentration
of the impurities used to increase the freezing range of
the mixture. Finally, strong Marangoni flows have been
detected in the case of emulsions. These flows are clearly
responsible for the rotation of the droplets, because the
droplets stop rotating when they are absent. The situa-
tion is more confuse in the coexistence region, except
for CC droplets for which everybody agrees that only
the texture rotates. The case of the banded droplets
is still under debate, with some researchers describing
solid body rotation while others finding texture rotation
only.



4. Theoretical models

These experiments suggest that several mechanisms may
be responsible for the Lehmann rotation. In the case of
emulsions, the rotation is clearly due to Marangoni flows
because the rotation stops when they disappear. The situ-
ation is much more confusing when the droplets coexist
with their own isotropic phase, because in that case, such
flows seem to be absent. If so, another origin must be
found. One of them was proposed as early as 1968 by
Leslie in the framework of nematodynamics in terms
of thermomechanical coupling [15]. This model, which
became a paradigm, can be generalized to nematics by
taking into account texture-dependent thermomechani-
cal terms (first derived by Akopyan and Zeldovich [67]
and later reformulated by Pleiner and Brand [68]). It can
also be declined in several versions discussed in the next
three sections. We will show that, against all expecta-
tions, this classical model cannot explain the Lehmann
effect for multiple reasons, and therefore that a different
theoretical framework is needed when studying rotat-
ing chiral droplets.> The next model discussed in the
fourth section is completely different. It is based on a
melting-growth (MG) process that could explain both
the spherical shape and the rotation of the droplets in
the coexistence region. This model has nevertheless not
yet been fully explored because of its complexity. Finally,
we will present in the fifth section a purely hydrody-
namic model based on the existence of Marangoni flows.
This model clearly applies to emulsions, i.e. to cholesteric
droplets dispersed in a liquid that partly dissolves the LC.
We will show that it can broadly explain the observations
in these systems. By contrast, it is not clear whether it can
be applied to droplets in coexistence with their isotropic
phase.

4.1. The thermomechanical models

In a nematic or a cholesteric LC several unusual out-
of-equilibrium cross-coupling effects exist, which vanish
in ordinary liquids. These effects are associated with the
existence of a hydrodynamic variable that does not exist
in ordinary fluids, the director n which is the unit vec-
tor giving the mean orientation of the molecules at each
point. In practice the director defines the optical axis of
the medium and can experience a torque. This torque
may be induced by an external field such as an electric
or magnetic field or by a flow. If the phase is chiral or if
the director field is distorted, the director can also expe-
rience a torque when the LC is subjected to a temperature
gradient. This torque, first predicted by Leslie [15] in
cholesterics and later by Akopyan, Zeldovich, Pleiner and
Brand in distorted nematics [67,68] has been proposed
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as the driving force for the Lehmann effect. This torque
was also observed in molecular dynamics simulations by
Sarman and coworkers [69-71]. Two models based on
the existence of this torque have been proposed in the
literature, which we discuss in the next two paragraphs.
In the first model, which we used in Refs. [16,33,64,72],
only the texture rotates and there is no flow, while in the
second model used by Tabe and coworkers [21,40-42]
and Yamamoto and coworkers [24] it is assumed that the
droplet rotates as a rigid body.

4.1.1. First model of texture rotation without flow
driven by Leslie, Akopyan and Zel’dovich
thermomechanical torques (TM1 model)

The main assumptions of this model are that only the tex-
ture rotates without flow of the molecules. This assump-
tion is clearly not verified in cholesteric in PF-656 emul-
sions but seems reasonable in the coexistence region, at
least in the case of the CC droplets for which everyone
agrees that there is no visible flow [21,43]. Under this
assumption it is possible to derive an exact formula for
the rotation velocity of the droplets.

To obtain this formula, we first remark that if the
droplet and its internal texture remains unchanged dur-
ing the rotation, its total free energy, which includes the
bulk elastic energy and the surface anchoring energy,
must remain constant. As a result,

d - -
—(/f fd3r+/ Wdzr)zo, (1)
dt drop drop

where f (n;, n;j) denotes the elastic Frank energy density
[39] and W(n;) the anchoring energy at the surface of
the droplet. If the anchoring energy and the elastic con-
stants are independent of temperature — and so of time
-, f and W only depend on n(x, ¥,2,t). After derivation
with respect to 7 under the integral and one integration
by parts, one obtains

///dmp—ﬁ w7 [, (55 -9)

E dzr =0, (2)

where h = —3f /87 is the molecular field of components
h; = (d/dx;)(3f /9n;j) — (9f /0n;), C the elastic surface
torque tensor of components C;; = df/dn;; and v the
unit vector normal to the surface of the droplet and
directed outwards. Taking into account the torque bal-
ance equation at the surface of the droplet,

— —Cv =0, 3
5 &Y (3)
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and the fact that 37/t is perpendicular to 7 since 7 is a
unit vector, we get

Il
drop

where ki is the component of h orthogonal to n. We
emphasize that this equation is very general and also
applies in the presence of flows on condition that the elas-
tic constants and the anchoring energy are independent
of temperature.

We then write the bulk torque equation for the direc-
tor. If there is no flow, this equation reads [39,73]:

an
" d3r =0, (4)

-

on
N =

o7 I-n® ) (h + fra) (5)

Here, I is the identity matrix, ® denotes the dyadic prod-
uct of two vectors (with (4 ® l;),'j = a;bj), 1 is the rota-

tional viscosity and fr)y is the thermomechanical force on
the director which can be written in the form

frn =&V -G+ &G -V x 1) + 1) (7 x G)
+ &G -GV x 1) x 1)
— &V (G®H—G- 7). (6)

Note thathM includes the classical Leslie term (propor-
tional to v) [39,73,74], as well as four ‘texture dependent’
terms (proportional to &;,i = 1 — 4) first introduced by
Akopyan and Zeldovich [67] and recalculated more rig-
orously by Pleiner and Brand* [68]. The correspondence
with the formulation of Akopyan and Zeldovich and that
of Pleiner and Brand is given in Refs. [72,75].

We then multiply the torque equation (5) by 371/9¢ and
we integrate over the whole droplet. This gives, by using
Equation (4) after noting thath; = (I — n ® n) h:

an - 2
L () o= ] B
drop t drop

Finally, we note that if the texture remains unchanged
during the rotation, one must have [16,33]

-

on - on

E_a)ezxn—wﬁ (8)
where ¢, is the unit vector along the z-axis, chosen nor-
mal to the glass plates and parallel to the temperature
gradient with G = Gé,, and 6 the polar angle in cylin-
drical coordinates (r,6,z). By replacing dn/dt by its
expression (8) in Equation (7) and by setting §71/860 =
01/06 — e, x n, we finally obtain by assuming that the

temperature gradient is uniform, along the z-axis (G=
Ge,):

Ly + &E1gL + &E3gLy + E3gL
w:—Gv v +&1qL1 + 2912 + &3qLs )
ylLy

with the dimensionless integrals

1 A
Ly:_/// Y v
\% drop \ 80
b ff] e S
= — nxey):  —
"V I Javop “ 86
1 - _ . dn
_—/// (V-n)e,- —dV,
qV drop 80
1 - . . én
:—//f (ﬁ-Vxn)(nxez)~—ndV,
qV drop 50
v ], 5w <)
= — (n-e)([Vxn]xn —dV
14 drop Z( ) 860

(10)
where V is the volume of the droplet.

Formula (9) shows that the rotation velocity is pro-
portional to the temperature gradient in agreement with
experiments. It also predicts that w is proportional to the
thermomechanical constants v and & (i = 1—3) and is
inversely proportional to y;.

Finally, these formulas can be used to estimate the
rotation velocity of the different types of droplets as a
function of their radius. This calculation gives for the CC
and banded droplets by assuming that they are spherical
and the cholesteric helix is not distorted inside:

v
w=——

for CC droplets, (11)
Y1
VG
W= _v—2 for banded droplets,  (12)
yi(1 + £¢°R?)

where we set b = v — &,q. Note that the calculation for
the banded texture is valid for a particular position (or
phase shift) of the helix in the droplet. For arbitrary val-
ues of the phase shift v, the calculation can be done as
well and the impact of 1 becomes rapidly negligible when
qR > 1.

For the nematic twisted bipolar droplet, w can be
calculated by using an ansatz for the director field com-
bining a pure bipolar configuration n, with a pure
concentric configuration 7., namely 7y, = 71, cos(ar) —
fie sin(ar) with a(p) = agp/po. Here, p is the radius of
the cylindrical coordinates local to the droplets (o, ¢, {),
with the ¢ axis taken along the bipole, and pp =
VR*>— 2 (=R < ¢ < R). The angle « fixes the twist
inside the droplet (inset in Figure 19). With this director
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Figure 19. Ratios of the splay (i = 1), twist (i = 2) and bend
(i = 3) integrals J; over the dissipation integral J4 as a function
of the twist angle «g. The value of i is indicated besides each
curve. Inset: angle o and director surface field lines in a twisted
bipolar droplet. The ¢ axis is the bipole axis and the z axis is per-
pendicular to the glass plates and parallel to the temperature
gradient. (Reprinted with permission from Phys. Rev. Lett., 117,
057801 (2016). Copyright 2016, American Physical Society.)

field, we calculate

w = G Z %_z]z(aO), (13)

)’1R Ja(ao)

where

8n -
Ji = /[ - ntw(ez tb)d”
Vi
Sng

=[] G ¥ xR <2t &
U /P
Js = f f / (g - €[V X Tigy) x 7] - ”“’ &7
\4
2
= I, (5 ) &
Vi
(14)

Note that the integrals J; (J;), which are odd (even) func-
tions of «tp, are made dimensionless by using the variables
x; = xi/R and are calculated over a spherical volume
V1 of radius unity. The calculated ratios J;/J;, evaluated
using Mathematica, are shown in Figure 19 as a func-
tion of the surface twist angle ctp. They all vanish when
a9 = 0, which means that @ = 0 when the droplet is not
twisted. The rotation velocity also changes sign when «y,
and so the twist of the director field, changes sign, in
agreement with experiments (see Figure 17).

Finally, these formulas predict that the rotation veloc-
ity of the CC droplets is independent of R while
that of the banded droplets approximately decreases as
1/R? and that of the TB droplets decreases as 1/R.
These dependence are rather compatible with experi-
mental observations although the rotation velocity of the
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CC droplets is not strictly constant as we can see in
Figure 6(b).

This model also predicts that the rotation velocity of
the droplets should not depend on the sample thickness
when they are not confined. This is reasonably the case
for the banded droplets as shown in Figure 9(a). By con-
trast, the rotation velocity of the CC droplets tends to
increase when the thickness increases (see Figure 9(b))
which is not predicted by the model.

Another weak point of the model comes from the
order of magnitude of the rotation velocities calculated
by taking the experimental values of the thermome-
chanical coeflicients measured in the cholesteric phase
[28,30,76-81]. For instance, in the compensated mixture
8CB/80OCB + 45wt% CC the model predicts a rota-
tion velocity which is typically 10 times smaller than the
experimental one [30,82]. The disagreement can be much
larger in diluted cholesteric phases where the predicted
velocities are up to 1000 times smaller than the mea-
sured velocities [79,80]. The same was observed in the
chromonic nematic LC where the rotation velocities cal-
culated by taking typical values of £ found in the literature
[28,67,83] are typically 100 to 10* times too small. The
smallness of the predicted velocities is one of the main
problems of this model.

Last but not least, the model does not always predict
the good sense of rotation. This is observed in the com-
pensated mixtures 8CB/8OCB + CC in which the sense
of rotation of the banded droplets changes at a concentra-
tion of 43 wt% of CC (see Figure 8) corresponding to the
compensation point of the cholesteric phase. By contrast,
the coeflicient v is always positive in these mixtures what-
ever the concentration of CC, so that the model always
predicts the same sense of rotation in contradiction with
experiments [30]. A similar problem was also observed
in the diluted mixtures of 7CB doped with a few wt% of
CC, in which the bad sense of rotation is also predicted
by the theory [79,80].

For all these reasons, we think that the thermome-
chanical torques are not directly responsible for the
Lehmann effect. As a consequence the Leslie paradigm
- defined as the statement “The Lehmann effect can be
fully explained in terms of thermomechanical torque’ —
is wrong and another theoretical framework is needed for
modeling the Lehmann rotation of LC droplets.

4.1.2. Second model of texture rotation coupled to a
solid rotation of the droplets under the action of
Leslie, Akopyan and Zel’dovich thermomechanical
torques (TM2 model)

In the previous model, the velocity is obtained by bal-
ancing on average the internal thermomechanical torque
with the internal viscous torque.
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Another variant of the thermomechanical model has
also been proposed in the literature by Tabe and cowork-
ers [21,40-42] and used by other authors [24]. In this
model, the authors suppose that the droplet rotates as a
rigid body. We have already seen that this hypothesis is
controversial from an experimental point of view. Never-
theless, let us assume that it is true. Because the velocity at
the surface of the droplet no longer vanishes, the droplet
must experience a torque T, coming from the friction
with the glass plates and the outer isotropic liquid. In
the model of Tabe and coworkers, the rotation velocity of
the droplet is then calculated by equilibrating this torque
with the Leslie torque integrated over the whole droplet.

We claim that this calculation is incorrect and not
consistent with the theory of nematodynamics, as we
now demonstrate by applying the angular momentum
theorem to the droplet [39]. According to this theorem,

=// ?xgﬁds—i—// v ds
drop - drop ™
+f// retqy. (15)
drop

In this equation, Mo is the angular momentum in O (ori-
gin of the laboratory frame of reference), ¢ is the total
stress tensor including the pressure term and the elastic,
viscous and thermomechanical stresses, C is the elas-
tic surface torque tensor, the expression of which is
given in [39], V is the unit normal pointing out of the
droplet and It js an external torque (in practice, a mag-
netic or an electric torque, but not the thermomechanical
torque of Leslie, Akopyan and Zeldovich associated with
the thermomechanical stress®). Note that we excluded in
Equation (15) contributions from external volume forces,
since the only such force in this system is gravity, which
cannot exert a torque on a spherical droplet of constant
density.

Suppose now that the droplet is rotating as a solid at
constant angular velocity. In that case, Mo is constant so

that
o=
drop drop
~[| ciasae
drop ™

At the surface of the droplet, the boundary conditions
impose that 0V = oPv (balance of surface forces) and

vdS

1o

Cv = 8W/8n (balance of surface torques) where o®
is the stress tensor in the isotropic liquid and W the
anchoring energy. This allows us to rewrite the previous

equation as

f// Fetdy = _// 7 x g3 ds
drop drop -
// — dS (17)
drop 8n

In this equation, the second integral in the r.h.s. is the
anchoring torque that the liquid exerts on the droplet.
This torque must be equal to 0 by symmetry when the lig-
uid is isotropic. As a consequence, the previous equation
becomes simply’

/// retqy = _// FxoPvds,  (18)
drop drop -

where the integral in the r.h.s. is the viscous torque that
the isotropic liquid exerts on the droplet. If the droplet
is rotating as a solid, the continuity of the velocity at
the surface of the droplet imposes that the isotropic lig-
uid is sheared. As a consequence, this torque cannot
vanish. This is possible if and only if the droplet expe-
riences an external electric or magnetic torque. This was
indeed observed experimentally with a nematic droplet
subjected to a rotating electric field [84]. However, if this
torque is equal to 0, the droplet cannot rotate as a solid,
even ifit is submitted to a temperature gradient. This ends
our demonstration.

For these reasons, and because the Leslie torque can-
not be considered as an external torque, we think that the
model of Tabe and coworkers is incorrect from a theoret-
ical point of view in the framework of the Ericksen-Leslie
theory and must also be abandoned.

4.1.3. Third model of rotating texture ‘surfing’ on a
heat wave in the absence of flow and
thermomechanical coupling ( TM3 model)

We have shown that the thermomechanical terms play a
negligible role in the Lehmann effect and can be ignored.
However, other terms involving the temperature depen-
dence of the elastic constants and the anchoring energy
could play arole. To prove this point theoretically, we now
assume that f and W also depend on temperature. Doing
this Equation (2) becomes

/// ;07 L AT gss
drop MFTFT
D\ 9n AW ATT] .
+f/ [(f—gv)~l+ }dz
dop L\ 87 = ) 3t 9T ot

(19)

If the texture rotates as a rigid body with an angular
velocity w one musthave 07 /0t = —w (3T /96). By using



Equation (3), we obtain instead of Equation (4):

- N . of 0T .,
I e o [, 575 27
drop ot drop oT 39

AW T .
+// ——dz}—o (20)
drop 0T 00

If the thermomechanical terms and the flows are
neglected, the bulk torque equation reads simply yi
(dn/dt) = h, . By replacing h by its expression into the
previous equation and by using Equation (8), we finally
obtain the rotation velocity

3 N 2=
fffdrop 8433‘13 +ffdr0 l%la_gd r
VIL;/

where L, is given in Equation (10).3 This calculation
shows that it is not necessary to introduce the thermo-
mechanical terms in the model to observe a rotation.
However, it is only the orthoradial component of the
temperature gradient (and not directly the vertical gra-
dient) that is responsible for the rotation in this model.
Because of this component, a rotating circular heat wave
must exist on which the droplet surfs as a surfer on a
wave at the sea. In practice, this component exists because
of the anisotropy of the thermal conductivities and it
must be proportional to the imposed temperature gradi-
ent. Another important point is that 97/96 changes sign
when g is changed to —q.° This model thus predicts that
the sense of rotation is given by the sign of g, which is
observed experimentally. Unfortunately, we do not know
for the moment whether this model is pertinent in the
coexistence zone because we do not know how the elas-
tic constants and the anchoring energy change in this
zone. Nevertheless we must emphasize that this model
predicts a vanishing rotation velocity for the spherical CC
droplets when the helix is not distorted inside. Indeed, in
that case, it can be shown, by solving the heat equation,
that the temperature gradient remains vertical inside the
droplet, without orthoradial component. This is of course
a shortcoming for this model, even if one could argue that
this result is not rigorous because the helix is necessar-
ily distorted near the surface because of the anchoring
conditions. Further investigations are thus needed before
concluding about the pertinency of this model.

4.2. The melting-growth model (MG model)

In this section, we only consider non-confined droplets
with a diameter less than the sample thickness. So far,
we assumed that the shape of the droplets was known. In
emulsions, the droplets must be spherical because of the
large surface tension between the LC and the dispersing
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liquid and their small size with respect the gravitational
capillarylength A, = ,/y /8pg where y is the surface ten-
sion, g the gravity constant and §p the density difference
between the dispersing liquid and the LC. In the 7CB
in PF-656 emulsions, for instance, 1, &~ 600 um by tak-
ing y = 107> N/m and 8p ~ 300kg/m> [18], which is
indeed much larger than the diameter of the droplets in
experiments.

By contrast, the spherical shape of the droplets
observed in the coexistence region [24,29] is more sur-
prising. This is not due to gravity, because in that case the
gravitational length X, — of the order of 1 mm by taking
y ~ 107> N/m [27,85] and 8p ~ 1kg/m> [86] - is still
much larger than the diameter of the droplets observed
in experiments. The problem comes from the fact that,
in these experiments, we are dealing with diluted solu-
tions of LC 4 impurity whose typical phase diagrams are
shown in Figure 13. In these systems, the interface must
satisfy the Gibbs-Thomson relation. This relation fixes
the interface temperature as a function of its curvature
and the local concentration of impurity and reads

yTe

T =T, 4+ mCj AHK, (22)
where T is the transition temperature of the pure LC, m
the slope of the liquidus, Cj; the impurity concentration at
the interface (index 7’) in the isotropic liquid (index T’),
AH the latent heat per unit volume and « the curvature of
the interface. Note that in this equation, we neglected the
elastic corrections due the deformations of the director
field [39,87]. This is justified in Ref. [51]. We recall that
for a surface of revolution obtained by rotating a curve
of equation x = x(s),z = z(s) in the xz-plane about the
z-axis (with s the arc length):

dx d?z
ds ds?

1dz dzd3%x

- & _ZEeX 23
xds dsds? (23)

with the constraint

de\*  (dz\*_ | 24)
(&) +(5) -

This equation gives the shape of the droplets provided
that the wetting condition on the cold plate, the tempera-
ture field and the impurity concentration at the interface
are known. In practice, the droplets dewet on the sur-
face, in particular when it is treated with a polymercaptan
layer (see Figure 5). The temperature field can be eas-
ily found if one assumes that the thermal conductivities
of the two phases are equal. In that case, T = Ty + Gz
where Ty is the temperature of the bottom cold plate (we
assume that the sample is heated from above). Finally,
we can assume, by neglecting the Soret effect, that the
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Figure 20. Height and shape of the droplets as a function of
theirradius calculated by solving numerically the Gibbs-Thomson
equation at equilibrium. The lengths are given in unit of L =
JLcLt. (Reprinted with permission from Phys. Rev. E, 98, 032704
(2018). Copyright 2018, American Physical Society.)

impurity concentrations, denoted by Cj in the isotropic
liquid and by C¢y, in the cholesteric (or nematic) phase,
are constant and satisfy the relation C¢j, = KCr with K
the partition coefficient of the impurity. This describes an
equilibrium situation in which the bulk diffusion equa-
tions for the impurity are automatically satisfied as well as
the equation of conservation of impurity at the interface
as there is no flux of impurity in the two phases. Finally,
the concentrations C; and C¢y, are obtained by writing
the global conservation of impurity in the sample. If V' is
the volume of the droplets and # their number per unit
volume, this condition yields nVC¢p, + (1 — nV)Cy = C
where C is the average concentration of impurity in the
sample. Under these assumptions, it can be shown that
the shape of the droplets depends on their relative size
with respect to the typical length L = \/L.LT where L, =
v/AH is the capillary length and Lt = T,/G the thermal
length. More precisely, the droplets have an almost spher-
ical shape iftheir radius R < L and a flat shape when R > L
as shown in Figure 20. In the latter case, the height of
the droplet saturates and cannot exceed ~ 2L (Figure 20).
This flattening is due to the temperature gradient.

It turns out that these predictions are not con-
firmed experimentally. Indeed, let us estimate the length
L. By taking AH =~ 10°J/m> [88] and y ~ 107> N/m
[27,85] we calculate L. ~ 107" m = 0.1A. In typical
experiments G & 0.02 K/pum and T, ~ 300 K which gives
LT ~0.015m. As a consequence L~ 4 x 10~/ m =
0.4pm. This is very small, much smaller than the
radius of the usual droplets observed experimentally.
This shows that the surface tension in the coexis-
tence region of diluted mixtures is not large enough to
oppose the flattening effect of the temperature gradient at
equilibrium.

This calculation is interesting because it shows that
the almost spherical shape of the droplets observed in
experiments is not an equilibrium shape. This calculation
also shows that for these droplets, the capillary term in
the Gibbs-Thomson equation is negligible with respect
to the chemical term. As a consequence one must have at
the surface of the droplets, by assuming that the thermal
conductivities of the two are equal:

T=T,+mCp=Ty,+ Gz (25)

This relation shows that there must exist a gradient of
impurity concentration at the surface of the droplet and
thus inside, of the order of

G
(VOch ~ K—. (26)
m

The consequences of this chemical gradient are twofold.

It could first generate a chemomechanical torque on
the director as underlined for the first time by de Gennes
[73]. Such a torque exists and has already been observed
in Langmuir monolayers [89-91], in smectic C* films
[92] and even in cholesteric shells [93]. This torque
could explain the Lehmann rotation of the droplets as
long as it is large enough. In that case, a model simi-
lar to the thermomechanical model can be developed,
in which the thermomechanical coefficients are replaced
by chemomechanical coefficients [51]. This model, how-
ever, predicts that the rotation velocity must depend on
the chemical nature of the impurity and must change
sign when m changes sign. These two predictions are not
confirmed experimentally, and for this reason, we think
that this ‘chemical’ explanation is not relevant to model
the Lehmann effect, except perhaps to explain a recent
observation by Bono and coworkers about an inversion
of the rotation velocity of the droplets when a sample
doped with photosensitive molecules is illuminated with
UV light [26]. But even in that case, it could be that this
inversion is due to an artifact, namely a possible local
inversion of the temperature gradient caused by a large
local heating, as demonstrated in Ref. [51].

A second consequence of this gradient comes from the
application of the law of conservation of impurity at the
surface of the droplet, which reads

Ci(1 —K)v-v = —D;(VC); -V + Dcn(VO) ¢y, - v
(27)

In this equation, v denotes the unit vector normal to the
interface and directed from the nematic (or cholesteric)
phase towards the isotropic liquid and v the growth veloc-
ity of the nematic (or cholesteric) phase. This equation
shows that the quantity of solute which is rejected at the
interface per unit time and surface is balanced by the dif-
fusion currents in the two phases. If there is no flow in



Figure 21. Hypothetical hydrodynamic flow induced by the pres-
ence of a droplet. In this model, the droplet keeps its stationary
shape if the cholesteric phase melts at the top of the droplet and
grows at the bottom. Because of this vertical motion, the internal
texture of the droplet rotates (adapted from Ref. [51]).

the sample and the droplet has a stationary shape, we
have necessarily ¥ = 0 which means that the two fluxes
must equilibrate. This seems impossible to satisfy except
if there is a vertical flow which drags at velocity v the
droplet in the opposite direction as shown schematically
in Figure 21. In order to estimate this velocity let us apply
the previous equation at the top of the droplet. If this
point is close to the top glass plate, one should have

Di(VC); -V ~0, (28)

because there is no flux of impurity across the glass plate.
By contrast, one has

- . G
Den(VCen v ~ KDen—, (29)
according to Equation (26) which gives

V= —v~ —KDch (30)

mCri(1 — K)’
where Cj; must be of the order of the average concentra-
tion C of impurity. This vertical motion of the droplet
leads to an apparent rotation of its internal texture at
angular velocity

w ~ —qv =qKD (31)

PmC1—K)
where q is the twist of the droplet in the vertical direction
(proportional to g). This formula is interesting in many
respects.

First, it predicts the good sense of rotation of the
droplet whatever the impurity chosen. Indeed, the exper-
iment shows that in all cases @ < 0 when g > 0. This is
the case for non-mesogen impurities for which m < 0 and
K <1 but also for the nematogen impurity 152 for which
m >0 and K > 1 (see the experimental section).

Second, it predicts that w is proportional to G, which
is observed in all experiments.

Third, it predicts that w is proportional to the effective
twist in the z-direction. This is compatible with exper-
iments which show that the CC droplets in which the
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helix is parallel to the temperature gradient rotate much
faster than the banded droplets in which the twist is
mainly in the direction perpendicular to the gradient.
More precisely this formula predicts that the more tilted
the helical axis with respect to the temperature gradient,
the smaller must be the rotation velocity. This tendency
was indeed observed experimentally by the authors of
Ref. [24]. It must be emphasized here that the banded
droplets never stop rotating in spite of the fact that the
helical axis is perpendicular to the temperature gradi-
ent in the center of the droplets. The reason is that
these droplets always exhibit double twist near their sur-
faces, as shown both theoretically and experimentally by
confocal microscopy in Ref. [22]. This result was con-
firmed numerically in Ref. [29]. This particular structure
induces a rotation of the edge of the droplets that extends
to the whole texture because of the nematic elasticity. For
this reason, the molecules must also rotate — and not only
translate — inside these droplets. This molecular rotation
induces a strong energy dissipation very similar to the
one described in the thermomechanical model presented
above [16,33]. This could qualitatively explain why the
rotation velocity of the banded droplets is inversely pro-
portional to y; (see Figure 14 showing that all the points
fall on the same master curve if and only if the period
of rotation is divided by y;) and strongly decreases when
their diameter increases. By contrast, the rotation velocity
of the CC droplets must be independent of their diameter
in this model, since no molecular rotation is necessary to
observe the texture rotation. This is almost true when the
droplets are not confined as we can see in Figure 6(b).

Fourth, it predicts the good order of magnitude for the
rotation velocity of the droplets. To check this point, we
can rewrite Equation (31) in the form

278 T
BqG = i R
Dch

(32)

where 8T = mC(K — 1)/K is the freezing range. For
CC droplet for which g =g, experiments show that
their velocity is the same as the one measured for the
DT droplets at very small radius [38]. By using this
remark and extrapolating the data of Figure 14, we
deduce that for CC droplets ©gG ~ 0.1 K's um 2 by tak-
ing y1 ~ 0.03 Pas while the previous formula predicts
®gG ~ 0.12Ksum~2 by taking 8T = 1K and D¢y =
50 wm? s~ ! [51].

On the other hand, the formula (32) suggests that
the period of rotation increases when the freezing range
increases, which is not observed, meaning that this over-
simplified version of the model of melting-growth is
incomplete and must be improved.
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4.3. The model of texture rotation driven by
Marangoni flows (H model)

In emulsions, the surface tension of the droplets is much
larger than in the coexistence region with the isotropic
phase of the LC and the spherical shape of the droplets
just results from the minimization of their surface energy
at fixed volume. In this case, experiments have shown
that the droplets only rotate when convection rolls are
present. It has been shown that these rolls are due to
the existence of a Marangoni stress at the surface of the
droplets induced by a surface tension gradient. In the
experiments with the PF-656 [17,18], this gradient is
generated by a temperature gradient, while in the exper-
iments with surfactant solutions [57] it is due to a gra-
dient of surfactant concentration. Although these flows
have been detected experimentally only outside of the
droplets, they must also develop inside the droplets in
the form of a Hill vortex [94], by admitting that the
cholesteric phase behaves to a first approximation as an
isotropic liquid. We will see that these flows couple to the
director and cause a texture rotation.

To show this result in the most general fashion, we
start by establishing an exact relation between the angular
velocity and the director and velocity fields.

To this purpose, we first note that if the droplet texture
remains unchanged during the rotation, we have still

-

on - on (33)
— = we, X N — w—,
at ‘ 90
and
o 0N A
/ / @, (34)
drop ot

provided that the temperature variations of the elastic
constants and the anchoring energy are negligible.

We then use the bulk torque equation by neglecting
the thermomechanical torques:

on - - . 2= =
yla_hJ_—yZ/:ln—yl(v-V)n—l—lexn. (35)

In this equation, v is the velocity, Q= %% X Vv is the
local rotation rate, A is the symmetric strain rate tensor
of components A;; = %(vi,j +vji) and y1 = a3 — a3 and
¥» = o3 + oy are two viscosities of the cholesteric phase
(with a3 and a3 two of the five Leslie viscosity coefficients
[39,73]).

Multiplying Equation (35) by d7/dt and integrating
over the whole droplet gives, by using Equations (33)

and (34)

fffdrop()’zAn + 0@ V)i — @ x 7)) - 88 &7
fffdrop yl(éﬁ)zdr’ ,

(36)

where 811/860 = 01n/06 — ¢, x 1 as before.

This expression can be simplified if the velocity field
(and, consequently A) does not depend on 6. In this case
(for a demonstration, see Ref. [18]),

/// Afi - —d3r—0 (37)
drop

and w takes the simplified form:
fffdrop(g_g)z d3?

where y; and y, do no longer appear explicitly.

This expression can be used to estimate the rotation
velocity of the droplets in emulsions. For instance, one
calculates for a spherical droplet in which the helix is not
distorted and makes an angle o with the z-axis [18]

, (38)

5qRsin’ « Gy’
w =~ .
10 + (2g*R? — 5) sin @ 2 + 3/

(39)

This expression, valid for gR > 4 when the liquid and the
LC have the same thermal conductivities, was obtained
by approximating the velocity field by the one of a Hill

vortex, of expression in polar coordinates (7,6, z) [94]:
v, = —frz
v =0 (40)

= B(z* 4+ 2r* — R?).

This vortex is schematically shown in Figure 22. In these
expressions, B = Gy'/Qu +3uw)R, y' =dy/dT, u is
the viscosity of the dispersing liquid and " ~ a4 is the
viscosity of the cholesteric phase, supposed to behave as
an isotropic liquid of viscosity o.

This calculation shows that the rotation velocity is pro-
portional to G and is odd in g, which means that the
droplets stop rotating when their director field is not
twisted. The rotation velocity is also proportional to y’,
the driving force for the Marangoni flow, and is inversely
proportional to the viscosities, as expected intuitively and
checked experimentally [18]. This formula also shows
that w and G are of opposite signs when g >0 (right-
handed cholesteric) and y’ < 0. This is well observed
in experiments with the PF-656. Finally, this calcula-
tion shows that the rotation velocity crucially depends
on the orientation of the helical axis. Indeed, the rotation
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Figure 22. Schematic representation of the streamlines inside
(Hill vortex in yellow) and outside of the droplet.

velocity exactly vanishes in this calculation when o = 0
(helical axis parallel to é) and is maximal when o =
/2 corresponding to the banded droplets.!® For these
droplets, the predicted velocity is typically three times
larger than that measured experimentally although the
dependence on the radius is the same. This lack of quan-
titative agreement is not surprising given the approxi-
mations made on the director and velocity fields. Other
director fields satisfying the homeotropic anchoring at
the surface of the droplet have been tested in Ref. [18]
and led to velocities comparable to those of the spiraling
droplets. For this reason, we think that this model cou-
pling the director field to the Marangoni flows is a good
candidate to explain the Lehmann effect in emulsions.

However, this model certainly does not apply in the
coexistence region, since it predicts that CC droplets do
not rotate, in complete disagreement with experiments.
In addition, there is, to the best of our knowledge, no
experimental evidence that the surface tension is temper-
ature dependent in the coexistence region.

5. Conclusion

This review shows that the Lehmann effect is a fascinating
- but complex - phenomenon, still far from being fully
understood although it was discovered almost 120 years
ago. The experiments in the coexistence region and in
emulsions suggest that many mechanisms could operate
at the same time. At the current state of our knowl-
edge, the model of melting-growth is very promising to
explain the Lehmann effect in the coexistence region,
while the Marangoni model rather applies in emulsions.
By contrast, the thermomechanical explanation, first pro-
posed by Leslie in 1968 and which became a paradigm,
fails to explain the observations in all systems, both
quantitatively and qualitatively. For this reason and to
avoid confusion, we propose that the thermomechani-
cal effect discovered by Leslie, and that was evidenced
experimentally, will no longer be called the Lehmann
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effect, by reserving this term for the rotation of the
twisted nematic and cholesteric droplets in a temperature
gradient, whatever the mechanisms involved in the rota-
tion process. This new definition of the Lehmann effect so
embraces the own Lehmann experiments that were pre-
sumably performed with emulsified cholesterics, but also
the more recent experiments performed with nematics
and cholesterics in both the coexistence region and the
partly miscible emulsions.

It is now clear that new experiments should be per-
formed in the future to clarify the problem of the flows
in the coexistence zone, in particular across the sample.
It would also be interesting to reproduce the experiment
of Nishiyama et al. [44] with the TB and CC droplets to
test whether a particle attached to their surface rotates.
According to these authors, the particle should not rotate
as everybody agrees that these droplets do not rotate
as rigid bodies. By contrast, our prediction is that the
particle should rotate with the texture if our explana-
tion in terms of anchoring force is correct. The exper-
iment on the inverse Lehmann effect should also be
reproduced because its order of magnitude, if confirmed
experimentally, is amazing and would provide new chal-
lenges for theorists. It would also be important to develop
new numerical techniques such as the one proposed in
Refs. [29,47,54,95] to reconstruct the director field inside
the droplets and compare numerically simulated optical
micrographs with experimental ones. This would be cru-
cial to test new theoretical models, as we know that the
rotation velocity of the droplets strongly depends on their
texture.

The authors thank Jordi Ignés-Mullol, Francesc Sagués
and Efim Kats for their careful reading of the manuscript
and the referees for their constructive remarks and
corrections.

Notes

1. Note that because of the errors on the measurement of
C*, a very slow rotation due to the Leslie effect as the one
described in Ref. [81] cannot be excluded at this concen-
tration.

2. Note that this mechanism does not depend on the polar or
azimuthal nature of the anchoring: if we assume an easy
axis p (which can be planar, homeotropic or tilted with
respect to the surface) for the interaction energy between
the cholesteric droplet and the particle, the particle will
simply minimize this interaction energy by shifting its
position to a point where n = =£p (the two signs are due
to the symmetry n — —n).

3. Note that the thermomechanical effects of Leslie, Akopyan
and Zeldovich are very much relevant in experiments
performed below the transition temperature with fully
cholesteric samples [28,33,34,76-78,81,96] or nematic
samples with a deformed texture [83]. Such systems are
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outside the scope of this paper, which only focus on the
Lehmann rotation of cholesteric droplets.

. In the original paper of Akopyan and Zeldovich, the phe-

nomenological equations do not respect Onsager reci-
procity relations. This problem is addressed in the rigorous
framework used by Pleiner and Brand to derive the same
type of terms.

. In principle, this torque can also contain viscous and

thermomechanical contributions coming from the sur-
facic production of entropy, but these terms are generally
neglected in cholesterics and nematics.

. Indeed, in the Ericksen-Leslie theory the thermomechan-

ical stress and torque of Leslie, Akopyan and Zeldovich
just appear as additional terms in the general expression
of the internal viscous stress and torque. These terms
proportional to the temperature gradient are allowed by
symmetries only in pure cholesterics (Leslie terms) and
in deformed nematics and cholesterics (Akopyan and
Zeldovich terms).

. Note that this equation could also been obtained by apply-

ing the angular momentum theorem to a ball of radius R,
larger than R (the radius of the droplet) and by then making
Ry, tend to R.

. Note that in this calculation we consider that f (or W)

is an explicit function of T and the spatial coordinates:
f(T,r,0,z). For this reason (f /dT)(dT/d6) is in general
different from 9f /90, the integral of which is equal to 0 as
underlined by one of the reviewers. Indeed, let us suppose
that f(T,r,0,2z) = Th(r,6,z). Then, (3f/dT)(dT/00) =
h(dT/06) # 9f /a0 = T(dh/06) + h(dT/30) (by assum-
ing, this time, that f is a function of (, 6, z) only).

. This can be checked by noting that the rigorous (covari-

ant) expression of dT/30 is (it X 7) - VT, where 7 is the
polar axis and 7 is the spatial position. Since (1 x 7) is a
pseudo-vector (it changes sign under the mirror transfor-
mation) and VT is a true vector (it stays invariant under
the mirror transformation), dT/96 changes its sign under
the transformation ¢ — —q (equivalent to a mirror trans-
formation).

These results show that the droplets do not work as
mechanical turbines at all, as might be intuitively thought.
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